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. Aharonov-Bohm effect is a quantum mechanical phenomenon 
that attracted the attention of many physicists and mathemati¬ 
cians since the publication of the seminal paper of Aharonov and 
Bohm [1] in 1959. 

We consider different types of Aharonov-Bohm effect such as 
magnetic AB effect, electric AB effect, combined electromagnetic 
AB effect, AB effect for the Schrodinger equations with Yang-Mills 
potentials, and the gravitational analog of AB effect. 

We shall describe different approaches to prove the AB effect 
based on the inverse scattering problems, the inverse boundary 
value problems in the presence of obstacles, spectral asymptotics, 
and the direct proofs of the AB effect. 
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equivalence. 
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1. Introduction 


The Aharonov-Bohm effect was discovered by Aharonov-Bohm in 
the famous paper [1]. Consider the Schrodinger equation 

du 1 v-A / da \ 2 

(1.1) — ih— — I - \ ~ - Aj{x)] u + eVix)u = Q 

^ ^ dt 2m dxi c ^ ’ 

i=i ^ 

in the plane domain \ hli) x (0,T), where 


( 1 . 2 ) 


u 


9Oix(0,T) 


0 , 


(1.3) u{x,0) = Uo{x), a: G \ rii. 

Here hli is a bounded domain in called an obstacle. Equation 
(II.ip describes a nonrelativistic quantum electron in a classical elec¬ 
tromagnetic field with time-independent magnetic potential A{x) = 
(Ai(a;), A 2 (x)) and electric potential V{x). 

Assume that the magnetic field B{x) = curl A{x) = 0 in \ hli, i.e. 
the magnetic field is shielded in hli. Aharonov and Bohm have shown 
that despite the absence of the magnetic field in \ hli the magnetic 
potential A{x) has a physical impact. 

They proposed the following physical experiment to demonstrate this 
fact: 
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Let a coherent beam of electrons splits into two parts and each part 
passes on the opposite sides of the obstacle ffi. Then both beams 
merge at the interferometer behind the obstacle fli. The interference 
of these two beams allows to measure 


(1.4) 



A[x) ■ dx (modulo 2Tm) 


where n G Z. 

Here 7 is a simple contour encircling ffi. The integral a is called the 
magnetic flux. 

When two potentials y4^^^(a;) and A^‘^\x) are such that curlH*^^^ = 
curl A^‘^'> = 0 but 


e 

he 


J (H^^^(x) — A^‘^\x)) ■ dx 7 ^ 27m, 


n G Z, 


the magnetic potentials and A^‘^\x) make a different physi¬ 

cal impact, since the measurements of the interferometer are different. 
This phenomenon is called the Aharonov-Bohm (AB) effect. 

We shall present, following Wu and Yang [52], a more general formu¬ 
lation of the AB effect that can be applied to more general situations: 

Let G(M^ \ fli) be the group on \ fli consisting of all smooth 
complex-valued functions g{x) such that | 5 '(a:)| = 1 in \ fli and 
g{x) = -I- 0 ( 1 ^)) when |a;| — >■ 00 . Here p G Z, O = (0,0) G fli 

and 6{x) is the polar angle of x. The group G(R^ \ fli) is called the 
gauge group. The map u' = g~^{x)u is called the gauge transformation. 
If u{x,t) satishes fll.ip and u' = g~^u, then u'{x,t) satishes fll.ip with 
A{x) replaced by 

(1.5) -A'{x) = -A{x)+ihg-^^. 

c c ox 

Two magnetic potentials related by fll.5p are called gauge equivalent. 
Any two magnetic potentials belonging to the same gauge equivalence 
class represent the same physical reality and cannot be distinguished 
in any physical experiment. 

The Aharonov-Bohm effect is the statement that two magnetic po¬ 
tentials belonging to different gauge equivalent classes make a different 
physical impact. 

The hrst mathematical proof of AB effect was given by Aharonov 
and Bohm in the original paper [1]. They found explicitly the scat¬ 
tering amplitude in the case when the obstacle fli is a point O and 
A{x) = ■^)- They have shown that the scattering cross-section 
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is proportional to sin^ | where a is the magnetic flux fll.4p . Their re¬ 
sult was extended by Ruijsenaars [43] to the case when hli is the disk 


x\ < R. 


The further progress was done in the solution of the inverse scattering 
problem of defining the gauge equivalence class of magnetic potential 
knowing the scattering matrix (amplitude). We shall mention only the 
works when obstacles are present. Nicoleau [39], Weder [50], and Balles¬ 
teros and Weder [2] proved that the scattering matrix asymptotics for 
high energies in the dimensions 2 and 3 determines all integrals 


OO 



( 1 . 6 ) 


— OO 


where x = XQ+too is any straight line that does not intersect the obstacle 
hli. When the obstacle is convex they used the X-ray transform to 
determine the gauge equivalence class of the magnetic potential, in 
particular, to determine the magnetic held B = curl A. Further, using 
the second term of high energy asymptotic of the scattering matrix and 
knowing B{x), they were able to determine all integrals | V (xq + 
tu})dt. Thus, the X-rays transform allows to recover electric potential 
V(x) outside a convex obstacle. See also a related work of Enss and 
Weder [9]. 

In [24] Eskin, Isozaki and O’Dell studied the inverse scattering prob¬ 
lem for any number of obstacles, not necessary convex. 

In [44], [45], [53] Yafaev, and Roux and Yafaev described the singu¬ 
larities of the scattering amplitude . 

More on the inverse scattering problem see §2.4. 

Another class of inverse problems are inverse boundary value prob¬ 
lems. 

Consider the stationary Schrodinger equation 



in the domain D \ Di, where 


w 


0 , 


( 1 . 8 ) 


w = f. 
on 


The Dirichlet to Neumann (DN) operator A{k) is the map of the 
Dirichlet data f = w\g^ to the Neumann data {h^ -i^A- uiv) for 
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all smooth solutions of fll.6p . fll.7p . fll.Sp . i.e. 


(1.9) 


A(k)f = 




A{x) ■ vw 


an 


where v is the outward unit normal to Note that the group 
consists of all smooth complex-valued g{x) such that |(y'(a;)| = 1. 

The inverse boundary value problem consists of determining the 
gauge equivalence class of the magnetic potential and of determining 
the electric potential knowing the DN operator A(fc) on dVL. 

One can consider also the case of several obstacles O' = 
when Vtj O = 0 where j ^ k, Oj C 0,1 < j < r. Then = 0 in 
(II-Sp instead of = 0. 

The inverse boundary value problems were studied intensively in 
many papers (see, for example, the monograph of Isakov [33] and ref¬ 
erences there). The case of domain with obstacles was considered in 
[11], [12], [13]. The strongest results were obtained by the reduction 
to the inverse boundary value problem for the hyperbolic equation 
~ 0) where H is the operator in the left hand side of 
fll 6p . and using the Boundary Control (BC) method (see [5], [35], [36], 
[16], [17], [19]). This approach allows to solve the inverse boundary 
value problem in the case of any number of obstacles, not necessary 
convex. Moreover it is enough to know the DN operator only on an 
arbitrary open part of the boundary dkl. Also BC method allows to 
recover not only the gauge equivalent classes of magnetic potentials 
and the electric potentials, but also allows to recover the number and 
location of obstacles (see more details in §2.1). 

Assuming that curl A = 0 in D \ D' we prove the AB effect in §2.1. 
Moreover, we prove that always when A and A' belong to distinct gauge 
equivalent classes they have a different physical impact. 

In [10], [15], [18], [47] a more general class of Schrodinger equations 
with Yang-Mills potentials was considered, i.e. the equations of the 
form 


( 1 . 10 ) 



k'^u, X E 


where u{x) = (mi(x), is m-vector, Aj{x), I < j < n, V{x) are 

self-adjoint m x m matrices called the Yang-Mills potentials, is the 
identity operator in C'", D' = Uj=i assume that ^1^^, = 0. 

The Dirichlet-to-Neumann operator has the form 

d 
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( 1 . 11 ) 







where vi^x) is the unit outward normal to A = (Ai, An). 

The gauge group G{VL\ hi') consists of smooth unitary m x m ma¬ 
trices g{x) on n \ hi'. Two Yang-Mills potentials (^(a;), Y(a;)) and 
{A'{x),V'{x)) are gauge equivalent if there exists g{x) G G(r2 \ hi') 
such that 

( 1 . 12 ) g-^A{x)g{x) + = -4'(x), g~^V{x)g = V\x). 

The Schrodinger equation with electromagnetic potentials is a par¬ 
ticular case when m = 1 , 

In [15] the BC method was applied to the equations of the form fll.lOj) 
and all results for the equation fll.61) were extended to the equations of 
the form fll.lOp (see more in § 2 . 2 ). 

Note that the DN operator is not gauge invariant. 

The gauge invariant boundary data on dfl were found in [11], [18] us¬ 
ing the probability density |tc(a;)p and the probability current S{w) = 
“ iA{x)w{x))w{x). It will be shown in §2.3 that 

(1.13) \w{x)\‘^\^ = fi{x), ■^\w{x)\‘^\^ = f 2 {x), 

*^H|r = Mx) 

are gauge invariant boundary data that uniquely determine the gauge 
equivalence class of magnetic potential A{x) and the electric potential 
V{x). Here T is any open subset of dVL. Therefore if A{x) and A'{x) 
belong to distinct gauge equivalence classes then corresponding gauge 
invariant boundary data fll.l3p will be different. This gives another 
proof of magnetic AB effect. 

There is a close relationship between the inverse boundary value 
problems (IBVP) and the inverse scattering problem (ISP). We will 
assume that the magnetic field B = curl A and electric potential V(x) 
have compact supports in the ball Bji = {|a:| < Rj. If also supp A(x) C 
Bji there is a general theorem (see §2.4) that the scattering amplitude 
a(0, u, k) given for all |ci;| = |6*| = 1 uniquely determine the DN operator 
A(fc) on {|x| = R} and vice versa, i.e. the IB VP and ISP are equivalent. 

When the flux a 0 the magnetic potential is not compactly sup¬ 
ported and the relation between IBVP and ISP is more complicated 
(see §2.4 for details). 

Another venue to test the AB effect is the spectrum of the mag¬ 
netic Schrodinger operator. The hrst result in this direction belongs 
to Helffer [28] (see also [37]). He considered the magnetic Schrodinger 
operator of the form fll.7p in \r2i where Di = {|a:| < 1}, curl A = 0 
in R^ \ Di and V{x) -l-cxo when |x| —?• cxo. He has shown that the 
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lowest Dirichlet eigenvalue depends on the cosine of the magnetic flux 
fll.4p . This proves the AB effect. In [25] the Schrodinger equation fll.7|) 
in 12 \ f2i was considered where 12 = {x : |x| < R}, R is large, with the 
zero Dirichlet conditions on dQ and dfli and curl A = 0 in 12 \ f2i. It 
was proven that Dirichlet spectrum also depends on cos a, where a is 
the magnetic flux, thus proving the AB effect. 

Note that the AB effect holds always when the domain is not simply- 
connected even if there are no obstacles. For example, in [25] the AB 
effect is demonstrated for the Schrodinger operator of the form fll. 6 l) 
on the torus (see [25] and §2.5). 

All methods to prove the AB effect described above are quite com¬ 
plicated. 

A direct and simple proof of the AB effect was proposed in [21]. It 
essentially mimics the AB experiment (see §2.6 and Remark 3.1 in [21], 
see also papers of Ballesteros and Weder [3], [4] on the justihcation of 
AB experiment). 

The AB effect holds also for n > 3 dimensions, for example, when 
the domain is \ f 2 i, where cA 2 i = is the two dimensional torus 
and the magnetic held is zero outside f2i (see §2.6). Note that the most 
accurate AB type experience was done by Tonomura et al [T] for such 
domain. 

It is important also to study the case of several obstacles f2i,..., 12^ 
in where f2j fl 12^ = 0 when j ^ k. Suppose we have the magnetic 
held shielded inside 12^ , 1 < j < m, and B = curl A = 0 outside of all 
obstacles. Let aj = A ■ dx be the huxes corresponding to each 

obstacles 12^. Here is a simple contour encircling Qj only. Suppose 
that some aj ^ 27m, Wn G Z, but the total hux <^j = 0 (modulo 
27rn). Suppose that the obstacles are close to each other and therefore 
we can not perform AB experiment separately for each 12^. From other 
side the treatment of UJli obstacle does not reveal the AB 

ehect since the total hux is zero modulo 27m . The AB ehect in this 
case was proven in [13], [21] using broken rays solutions. We were able 
to recover all magnetic huxes aj,j = 1 , 2 ,..., m, up to a sign. 

The magnetic AB ehect is studied in the hundreds of papers (see the 
survey [42]). In the original paper [1] Aharonov and Bohm discuss also 
the electric AB ehect. They consider the Schrodinger equation with 
time-dependent electric potential and zero magnetic potential 

(1.14) ih — ^ ^ H- Au(x, t) — eV(x, t)u(x, t) = 0. 

at 2m 

In contrast with hundreds of papers on the magnetic AB ehect there 
are only few papers dealing with the electric AB ehect. In particular, 
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in [51] Weder studied the electric AB effect assuming that the electric 
potential depends on a large parameter. 

Let domain H C M” x [0,T]. Denote by the intersection of D 
with the plane t = to We assume that 

u\dD^ =0 for 0 < t < T and u{x, 0) = uo{x) on Dq. 

We assume that the electric field E = ^ = 0 in D. If Dt^ is connected 

for all to G (0,T) then = 0 implies that V{x,to) = V{to) is 

independent of a: in D. 

Consider a gauge transformation 

t 

w{x,t) = exp (^i— j V{t')dt''^u{x,t), 

0 


where u{x, t) is the solution of fl 1.141) . Then w{x, t) satisfies the Schrodinger 
equation 


, dw(x,t) , 

zh —+ —Au{x,t) = 0. 
at 2m 


Note that = 0 for 0 < t < T and w{x, 0) = Uo{x) on Do- 

Therefore the electric potential V{x, t) is gauge equivalent to zero 
electric potential if = ^ = 0 in D and Dt are connected for all 
t G (0,T). This explains why there was no neither experimental nor 
mathematical evidence of AB effect in the situation when the domain 
D has the form D = D x (0,T) where D is a domain in M". For 
the electric AB effect to take place one need to consider domains with 
moving boundaries, i.e. Dt changes with t and is connected for some t 
and is disconnected for other t,t E (0,T) (cf. [21] and §3). 

In §4 we study the Schrodinger equation with time-dependent electric 
and magnetic potentials. 

Let f2j(t),l < j < r, be obstacles in R"". Let Qq D ^j{t), Vf G 
[0, T], 1 < ?' < r, Dn be a simply-connected bounded domain in R"", fl'(t) = 

Consider the Schrodinger equation 


(1.15) 

where 


A{x, t) 




0 in (Do X (0,T)) \D', 


H = 


2m ^ \ dxi 

j=i J 



+ eV{x,t), 


(Ai, ...,An) and V{x,t) are magnetic and electric potentials. 







We assume that 


(1.16) M(a;,0) = 0 in 


0 < t < T, /. 

We first consider the inverse boundary value problem for fll.lSp . fll.l 6 p . 
fll.l7p . The gauge group G((flo x [0,T]) \ f2') consists of g{x,t) e 
C°°((flo X [0,T]) \ fl') such that \g{x,t)\ = 1. Since coefficients of 
fll.lSp are time-dependent we can not reduce fll.lSp to the hyperbolic 
equation and apply BC method as in §2.1. We use a more traditional 
approach (cf. [18]) consisting of two steps: 

a) Construction of geometric optics type solution for the Schrodinger 
equation with time-depending coefficients that are concentrated in a 
small neighborhood of a ray or a broken ray. This part can be done 
under quite mild restrictions on the geometry of obstacles (cf. [15], 
[18]). 

b) In the second step one needs to study the injectivity of the X-ray 
type transform in the domain with obstacles. The presence of obstacles 
makes the results quite restrictive. 

If the geometric conditions on obstacles are satisfied one can prove 

(cf. [18] and §4.1) that if there are two Schrodinger equations — 

Hku) = 0, k = 1,2, of the form fll.l5|) with initial and boundary con¬ 
ditions fll.l 6 p . fll.lTp and if corresponding DN operators Ak,k = 1,2, 
are gauge equivalent on (9flo x (0,T) then electromagnetic potentials 
1 /*^^)) and are also gauge equivalent. 

Consider now the equation fll.151) in unbounded domain 
(M"" X (0,T)) \ Q' with the initial condition 

u{x,0) = uo{x) in M”'\f 2 '( 0 ), 

“lan'(t) = 0’ 0<f<T. 

We will assume that Uo{x) = 0 in flo \ f2^(0) as in fll.lbp . 

In this case the gauge group G((M'^x (0, T))\Q') consists of \g{x, t)\ = 
1 in M"' X [0, T] \ fl' and we assume that g{x, t) are independent of t in 
(M”\flo) X [0,T]. When n > 3 we also assume that g{x) = exp (^j^Lp{x)^ 
for |a;| > R, where (p{x) is real-valued, ip{x) = 

When n = 2 we assume that g{x) = -|- ( 9 ^^[)[) for |a;| > R. 
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Note that and are gauge equivalent if 

(1.18) -A^^\x,t) = -A^^\x,t) + 

c c ox 

eV^^\x, t) = eV^^\x^ t) — ihg~^^. 

Since coefficients of the equation fll.151) are time-dependent, the scat¬ 
tering operator for H is not defined. We propose a new inverse problem 
in {W^ X (0,T) \ f2' instead of the inverse scattering problem. 

Let u{x,t) be the solution of fll.lSp in (M"" x (0,T)) \ and let 
{A{x,t), V{x,t)) be independent of t for |a:| > R. We assume that 

(1.19) u{x,0) and u{x,T) 
are known on M"' \ Bji. 

Then (see Theorem 14.31 in §4.2) these two times (f = 0 and t = T) 
data determine u{x,t) in ((M"- \ Bn) x (0,T). 

More precisely, the following result holds: 

Let — HkUk = 0, fc = 1, 2, be two equations of the form fll.lSp 
in (M” X (0,T)) \ f2'. Suppose corresponding electromagnetic poten¬ 
tials = 1,2, are independent of f for |x| > i? and gauge 

equivalent with some gauge go{x). 

Suppose the two times (f = 0 and t = T) data fll.191) of Ui{x, t) and 
U 2 {x,t) are gauge equivalent, i.e. 

U2{x,0) = go{x)ui{x,0), U 2 {x,T) = go{x)ui{x,T), xeMJ'XBn. 
Then 

(1.20) U 2 {x,t) = g{x)ui{x,t) in (R” \ 5^) x (0, T). 

The relation fll.20p implies that the DN operators Ai and A 2 are gauge 
equivalent on dBn x (0,T). Then assuming that the geometric condi¬ 
tions on obstacles formulated in Theorem 14.11 are satisfied, the electro¬ 
magnetic potentials (AA),1 /(i)) and are gauge equivalent. 

Note that as in the case of time-independent magnetic and electric 
potentials it is naturally to consider the gauge invariant boundary data 
as in §2.3. 

We shall mention also the inverse boundary value problems for the 
time-dependent Yang-Mills potentials. The powerful BC method used 
in the case of time-independent Yang-Mills potentials can not be ap¬ 
plied here. However, we can solve the inverse boundary problem using 
the method of Non-Abelian Radon transforms developed in [11], [14], 
[40]. This method does not work, unfortunately, if the obstacles are 
present. 
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Now we shall consider the AB effect for time-dependent electro¬ 
magnetic potentials assnming that B = cnrlA(a;, t) = 0 and E = 

T = 0 (f*o X (O.r)) \(J'. 

Let A(a;, t) ■ dx — V{x, t)dt be electromagnetic flnx where 7 

is a closed contonr in (hlo x (0, T)) \ Vt' . It follows from E = B = 0 and 
the Stoke’s theorem that depends only on the homotopy class of 7 
in (flo X (0,T)) 

Let 7i, be the basis of the homology gronp of (hlo x (0, T))\Q', 
i.e. any closed contonr in (hlo x (0,T)) \ hi' is homotopic to a linear 
combination of 71, ...,7™ with integer coefficients. 

Denote ^ I — Vdt, 1 < k < m. 

Ik 

Two electromagnetic potentials 1/b)) and are gange 

eqnivalent if and only if 

(1.21) = q,^ 2) 27m, n G Z), 1 < p < m. 

Here / A^^^dx — k = 1,2. Therefore to demonstrate 

7p 

the electromagnetic AB effect we will need to check only a finite nnmber 
of relations fll.2ip . 

Thns we do not need to prove the injectivity of the X-ray transform 
to demonstrate the AB effect. Therefore we can relax the restriction 
on the geometry of obstacles imposed in Theorem 14.11 Moreover, we 
can consider a more general class of obstacles. 

We shall consider a class of domains with obstacles that may 
move and may merge or split at some times tk, 1 < k < I (see Fig. 4). 
The intersections of with t = to are connected for each to G (0, T). 
We denote by a more general class of domains obtained from 
by making holes in some obstacles (cf. §4.5). Now the intersection of 
with t = to may be not connected for some to G (0,T) and hence 
the combined AB effect takes place. 

A simple examples of domains of the type is the following do¬ 
main let Do = + 3^2 < n {t = to} = Do \ Di(to), 

where Di(to) is the obstacle moving with the speed Vi along xi-axis: 
Di(t) = {(xi — Xit)^ + xl < rj},ri < r and small, 0 < t < T. We 
assnme that Di(T) C Do. 

Let oj = {(xi — y)^ -|- (x 2 — y)^ < ^}. The hole E[ in is the 
intersection of the cylinder uj x (0, T) with lJo<7<i Therefore the 

domain of class is y JJ 

li B = cnrlA = 0 and E = —\§i — ^ = Oin then a.y = 
A(x, t) ■ dx — V{x, t)dt is the same for any closed contonr 7 in 
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encircling the obstacles. Any such 7 is homotopic to a contour jq in 
the plane t = const encircling the obstacle, i.e. 70 is the basis of the 
homology group in In the case of there are two contours that 
form the basis for the homology group in Dg h One of them is 70 and 
the second is any closed contour 71 that is passing through the hole H 
and not shrinking to a point. 

In the potentials and are having a dif¬ 

ferent physical impact if 

(1.22) a = or —a are not equal to 27ip, Vp G Z. 

70 

In and are having a different physical im¬ 

pact if either fll.22p holds or and A*^^) are gauge equivalent and 

(1.23) — / -- dx — (1/^^^ — V^‘^^)dt 7^ 27rp, Vp G Z. 

71 

These two examples are a particular case of general results in §4.4 and 
§4.5. 

An important part of the proof of the AB efect is the construction 
of geometric optics type solution in D'd) = (fig x (0, T)) \ Vl' similar to 
the solutions for the solving inverse boundary value problem (see §4.1). 

These geometric optics type solutions are the solutions of fll.lSp in 
Zlb) only and have nonzero Dirichlet data on cAIq x (0,T). It is not 
clear what is their physical meaning. From the other side, the solutions 
of (I1.15j) . (Il.lbj) . (I1.17P in (M"- x (0,T)) \ Vt' describe the electron in 
the magnetic held shielded by obstacles fl' and therefore are physically 
meaningful. It is proven in §4.5 (the density lemma 14.5p that any 
solution of fll.151) in Hb) = x (0,T)) \ Vl' can be approximated 
by the restrictions to D'd) of physically meaningful solutions of fll.l5p . 
fll.lbp . fll.lTp in (M"' x (0,T)) \ Vt' . This allows to complete the proof 
of electromagnetic AB effect in §4.4. 

The AB type effect holds not only in quantum mechanics but also 
in other branches of physics (cf. [6], [7], [49]). We shall consider the 
gravitational analog of AB effect extending the results of Stashel [46]. 

First, we reformulate the magnetic AB effect in \ fli assuming, 
for the simplicity of notations, that h = e = c = 1. Suppose B = 
curl A = = 0 in \ fli. If a; C \ is a simply connected 

subdomain of \ 121 then = 0 in a; implies that there exists 

'^{xi,X2) in u such that Ai = ^,A2 = i.e. A(x) is the gradient 

of ^{x\,X 2 )- Making the gauge transformation u' = we get the 
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Schrodinger equation with zero magnetic potential in u, i.e. there is 
no AB effect in u. The AB effect takes place when curl A = 0 but A{x) 
is not a gradient in \ hli and has a flux a 7 ^ 27rn, Vn G Z. 

Similar situation arise for the wave equation corresponding to a 
pseudo-Riemannian metric Yl'^=Q9ik{,x)dxjdxk with Lorentz signature, 
where Xq is the time variable, x = (xi, ..., x„) G hi = hlo \ Ujli W^e 
assume that gjk{x) are independent of Xq, i.e. the metric is stationary. 
Consider the group of transformations 

(1.24) x' = (p(x) 

Xo = xo + a(x), 

where (p(x) is a diffeomorphism of hi onto and a(x) G C°°(r2). 

Two metrics YTj k=o9jk{.x)dxjdxk and k=o9jki^')^^'j^^'k called 
isometric if 

n n 

(1.25) ^ gjk{x)dxjdxk = ^ gY{x')dx'jdx[, 

j,k=0 j,k=0 

where (xq,Xo) and (x',x) are related by fl 1.241) . 

The group of isometries plays the role of the gauge group for the 
electromagnetic AB effect. 

We shall prove (cf. Theorem 15.2p that if two metrics are locally 
isometric but globally not isometric, then they have a different physical 
impact. 

We also extend a result of [46] that if a metric is locally static but 
not globally static, then this fact also has a physical impact. This is a 
gravitational analog of AB effect (cf. §5 and [22]). 

2. Magnetic AB effect 

In this section we consider the most well-known magnetic AB effect 
and we will review the different approaches to study it. 

2.1. Inverse boundary value problems for the Schrodinger equa¬ 
tion with time-independent electromagnetic potentials. 

Let rio be a smooth bounded domain in M", and let 12^, 1 < j < r, be 
the smooth obstacles inside hloj fl 12^ = 0 when j 7 ^ k. Consider a 
stationary Schrodinger equation in flo \ where 12' = lj^=i 
( 2 . 1 ) 

Hw ( — ih— --A,(x)) wix) + eV(x)w(x) = Pw(x), 

zrrii V 0 X 1 c / 

90 ' ■ 

13 


( 2 . 2 ) 


0 , 







(2.3) = /. 

If k does not belong to a discrete set N of the Dirichlet eigenvalues 
then the Dirichlet-to-Neumann (DN) operator 


(2.4) 


mf = 


^ dw .e ,, , , , 

h— - i-A(x) ■ iy{x)w 

ou c 


dflo 


is well-defined bounded operator from Hs^dflo) to where 

Hs{dflo) is a Sobolev space of order s on dflo. Note that A(fc) is 
analytic in fc on C \ Thus the knowledge of A(fc) on any small 
interval (fco — e,ko + e) determines A(/c) for all fc G C \ A^. 

Let r G cA2o be an open subset of cA2o- We say that A{k) is given 
on r if the restriction A{k)f\^ is known for any / with support in T. 


Theorem 2.1. Suppose two Schrodinger equations {H — k‘^)w = 0 
and {H' — k‘^)w' = 0 are given in hlo \ Uj=i \ Ui=i 

electromagnetic potentials (A(x),ld(x)) and {A'{x),V'{x)), respectively. 
Suppose the corresponding DN operators A{k) and A'(/c) coincide on V 
for k G (/co —e^kQ + e). Then A'(x) and A[x) are gauge equivalent with 
the gauge g{x) equal to 1 on T, V'{x) = V{x),r' = r and flj = Qj, 1 < 
j < r. 


The proof of Theorem 12.II is based on the reduction to the hyperbolic 
inverse boundary value problem and use of the powerful Boundary 
Control method for solving such problems (cf. Belishev [5], Kachalov- 
Kurylev-Lassas [35], Eskin [16], [17]): 

Consider the initial-boundary value problem for the hyperbolic equa¬ 
tion 

d‘^v ^ 

(2.5) + Hv = 0, X G flo \ U 0 < t < +00, 

i=i 


with zero initial conditions 


(2.6) 

and boundary conditions 


Ov 

v{x,0) ^^ 0 , 


(2.7) 


= 0, I < j < r, n 


9r2o X (Oj+oo) 




1 90'. X (Oj+oo) 

where ip{x',t) has a compact support on T x (0, -|-cx)). 

Dehne the hyperbolic DN operator Ah as 

(2.8) Ah ^ = (h— - i-Alx^-vi?] 

\ ou c / rx(o,+oo) 

The following result holds (see, for example. Theorem 1.1 in [16]): 
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respectively, with zero initial conditions li2.6\) and with the boundary 
conditions 



and 



respectively, where suppy) C F, suppip' C F. 

If the hyperbolic DN operator Kh and A'/^ are equal on Fx (0, +cx3), i.e. 
Ah(p = on F X (0, +oo) for any ip with the support inT x [0, +cxd), 
then A[x) and A'{x) are gauge equivalent with the gauge g = 1 on 
F, V{x) = V\x),r = r' and = f2', I < j < r. 

Remark 2.1 Theorem 1.1 in [16] states that there exists a diffeo- 
morfism x' = fji^x) of Hq \ ljj=i \ f){x) = a; on 

F and where x' = '0(x). This implies that 

Ip = I and therefore r = r' and VLj = Vlt, j = 1, r. 

To prove Theorem 12.11 we take the Fourier transform in t. Then 
the equation fl2.5l) becomes the equation fl2.1l) and the hyperbolic DN 
operator A/^ on F x (0, Tcxo) becomes the DN operator A{k) on F. 

We shall use Theorem O to prove the magnetic AB effect. 

Suppose {Hk — \^)wk = 0, fc = 1,2, are two Schrodinger equations 
of the form fl2.1l) with electromagnetic potentials A^^\x), V^’^^x)), k = 
1,2, respectively. Suppose = V and curlA^*^) = 0 in 

Do \ ^^ A: = 1, 2. Fix a point Xq € F and let a; be a simply-connected 
neighborhood of Xq. Let a;_|_ = Dq fl a; and suppose F = dfl fl u. Since 
curl A^^'> = 0 in a;+ and uj+ is simply-connected, there exists a smooth 
'l/fc(a;) in aJ+ such that A^'^l = in k = 1,2. Let Tfc be a smooth 

extension of Tfc(a;) to Dq \ D' and let gk{x) = 6“^'^'=. Then making 
the gauge transformation with the gauge gk{x) we transform Hk to 
Hk, k = 1,2, where Hk has electromagnetic potentials {A^^\ 1/A)) such 
that 1/A)(a;) = V{x), AA) = 0 in a;+, fc = 1,2. Therefore Hi = H 2 in 
a;+. Now we shall prove the magnetic AB effect. 

Theorem 2.3. Magnetic potentials AA) and A^) ^and consequently 
A A) and A^) j are not gauge equivalent if and only if there exists fo G 


C“(F) such that 
( 2 . 11 ) 


A">/oIr7^A<"’/o 
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where are DN operators corresponding to Hk- 

It follows from (2.11) that when and are not gauge equiva¬ 
lent they have different physical impact, i.e. AB effect holds. 

Proof of Theorem 2.3: Suppose A^^^ and are not gauge 
equivalent. If (2.11) does not hold, i.e. = A^^^/ on T for all 

/ G (^“(r) then by Theorem 12.11 A^^^ and must be gauge equiv¬ 
alent, and this is a contradiction. Vice versa, suppose (2.11) holds 
but AA) and A^^^ are gauge equivalent with some gauge g{x). Since 
A(^) = AA = 0 in 07+ we get from (II.hh that g{x) = e*" in ZJ+, 
where a is an arbitrary real constant. Let Uk be the solutions of 
{Hk - AAhfc = f e C^(r), Uklg^, = 0. Since g = e*“ 

on aJ+ and = U 2 \q^^ = /, we get that hi = U 2 in oj+. Therefore 

= AAf^^ for all / G C^(r), and this contradicts (2.11). □ 

2.2. Inverse boundary value problems for the Schrbdinger equa¬ 
tion with time-independent Yang-Mills potentials. 

Consider the Schrbdinger equation with Yang-Mills potentials (cf. fll.lOp l 

( 2 . 12 ) 

f — i— - Aj{x)j w{x) + V{x)w{x) = k‘^w{x), x G flo \ 

J=l J J=1 

where Yang-Mills potentials Aj{x), 1 < j < n, V{x) are m x m self- 
adjoint matrices. The gauge group G(flo \ Uj=i^j) consists of all 
unitary mxm matrices and two Yang-Mills potentials {A{x),V{x)) 
and {A'{x),V'{x)) are gauge equivalent if there exists q{x) G G(flo \ 
such that (nrm holds. 

We assume that 

(2-13) ^<J<A w\ono = f^ supp/cT. 

The following theorem generalizes Theorem 12.11 for the case of Yang- 
Mills potentials. 

Theorem 2.4. Let {H — k‘^In)w = 0 and {H' — k‘^Ijn)w' = 0 be two 
Schrodinger equations corresponding to Yang-Mills potentials 
(A(x),V(x)) and (A'(x), V'(x)), respectively. {H — k‘^)w = 0 is con¬ 
sidered in flo \ Uj=i boundary conditions = 0,1 < j < 

r, = / and {H' — k‘^)w' = 0 is considered in flo \ Uj+i ^'j 

boundary conditions = /^ =0, 1 < j < r'. Let V 

be an open subdomain of dflQ. Suppose that DN operators A{k)f = 
(1^ — iA • and A'{k)f = — iA' • coincide on T, 












i.e. A'(fc)/|^ = A{k)f\^ for any f with the support in T and all 
k & {ko — e,ko + e). Then {A\x),V\x)) are gauge eguivalent to 
{A{x), V^(a;)), r' = r and = klj, I < j < r. 

It was shown in [15] that the proof of Bonndary Control method, 
given in [16], [17], extends to the hyperbolic eqnation with Yang-Mills 
potentials. Therefore analog of Theorem 12.21 holds and this implies that 
Theorem 12.41 is also trne. 

Remark 2.1 In the Theorem 12.41 we assnmed that the DN operators 
A{k) and A'{k) are equal on the interval {ko — e,ko + e) and therefore 
are equal for all k because they are analytic in k. 

When n > 3, T = dflo and there is no obstacles, a stronger results 
was proven in [10] that the Yang-Mills potentials {A{x),V{x)) and 
{A\x),V\x)) are gauge equivalent if A'(A;o) = A(/co) for a hxed k^. 
The proof requires a different idea (see [10] and some simplihcations of 
the proof in [26]). 

2.3. Gauge invariant boundary data. 

Let u{x) be the solution of fl2.ip . fl2.2p . There are two basic gauge 
invariant quantities in quantum mechanics: the probability density 
\u{x)\‘^ and the probability current 

(2.14) S{u) = A{h— - i-Au')u. 

The probability density is obviously gauge invariant since = \g~^{x)u\‘^ 
\u\^ for any g G G(flo \ Uj=i probability current we have 



We used above that g = g ^ and that ^A' = ^Aa ihg (cf. fll.Sp L 
Therefore S'{u') = — i^Au)u = S{u). 

Using the probability density and the probability current we dehne 
gauge invariant data on dflo for any solution u{x) of fl2.ll) . 02 .21) : 

(2.15) 

l“(^)naoo = S{u)\g^^ = fsix'). 

Lemma 2.5. Consider all u{x) and u\x) such that {H — kf)u = 0 
in flo \ fl', u\g^, = 0, and {H' — k‘^)u' = 0 in Qq \ fl', = 0, 

respectively. Let A, A' be the corresponding DN operators. Suppose 
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that the set (/i,/ 2 ,/ 3 ) of all gauge invariant boundary data for u{x) 
and u\x) is the same. 

Then there exists go{x) G \ Uj=i ^^at 

for all u{x) such that {H — k'^)u = 0, = 0. 


Proof: Consider smooth uq{x), u'q{x) having the same boundary 
data (12.151) and such that |Mo(a^)| = |Mo(a:)| > 0 on Let go{x) = 
near dVto. Extend go{x) to the whole domain hlo \ keeping 
|5'o(a^)| = L We have on dklo 

S{uq) = ^{hgQ^^ - hglf'^^uo - i^A\x)gQ^Uo)goUo 

= S{uo) + ^{- + i-^{A{x) - A'{x)) |moP- 

Since S{uq) = S{uo) and since g^^^ is imaginary, we get 


(2.17) 


hgn^-^ = i-{A'{x) — A{x)) when a: e c?f2o- 
ox c 


Analogously, let u{x),u'{x) be any solutions of {H — k^)u = 0, {H' — 
k‘^)u' = 0 having the same boundary data and such that |M(a:)| = 
|M'(a;)| > 0. 

Denote g{x) = Then u' = g~^u on dkl and analogously to 

(EH]) we get hg-^^ = i^(A(x) - A'{x)). Therefore g-^^ = g^^^. 
Thus = 0 on c}f2o. Hence g = e*“5'o where a is a constant. 

We have 




= h- 


ld\u'\^ . an' 


2 dn 


+ i^ih"^ - i-A' ■ uu!)u' 
\ ou c / 


dUo 

dUo 


= (htA\uf + ,s'{uy 

We used above that . 

Analogously, 


dUo 




dUo 


1 a|Mp 

= ( h-— -h iS{u) ■ V 


2 dv 


aoo 


Since S"(n') = S{u) we get 


u 


SOq/ I90o 


= ^(“laoo)“l 
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for all u,u' having the same boundary data and |m| = \u'\ > 0 on 
Since u' = e~^°‘gQ^u we get, cancelling u and that goA' [gQ^u\g^J = 

> 0 on dilo are dense in L 2 {dilo) we have that 
fl2.16p holds for all u{x), i.e. Lemma [2.51 is proven. 

We shall call DN operators A and A' satisfying fl2.16p gauge equiva¬ 
lent with the gauge go. 

If potentials A{x) and A'{x) are gauge equivalent with gauge g then 
DN operator A and A' are also gauge equivalent with the same gauge. 
Indeed, on dflo we have 



i.e. A' and A are gauge equivalent. The converse statement is also true. 

Lemma 2.6. Suppose DN operators A and A' are gauge equivalent with 
gauge go, i.e. h2.1d\) holds. Then magnetic potentials A[x) and A\x) 
are also gauge equivalent with some gauge g{x) and V{x) = V'{x). 

Proof: Consider Schrodinger equations {H—k^)u = 0, {H' — k‘^)u' = 
0 corresponding to potentials (A, P), (A', W), respectively. Let A, A' 
be the corresponding DN operators. In {H — k‘^)u = 0 make the gauge 
transformation uq = go^u. Then we obtain the Schrodinger operator 
{Hq — kS)uo = 0 where (Aq, Vq) are gauge equivalent to (A, P). Note 
that the DN operator corresponding to Hq has the form Ao(Mo|gf^^) = 
5f(7^|g^^A(5foMo)|gj^o- follows from 02.161) that A' = Aq. Therefore the 
DN operator for {H' — k‘^)u' = 0 and {Ho — k‘^)uo = 0 are the same. By 
Theorem 12.11 the potentials (A', W) and (Ao,Vo) are gauge equivalent 
with some gauge gi. 

Therefore the potentials (A, V) and (A', V) are also gauge equivalent 
with gauge gigo. 

Combining Lemmas 12.51 and 12.61 we get that if gauge invariant data 
for (A, V) and (A', V') are equal as in Lemma 12.51 then (A, V) and 
(A', V) are gauge equivalent. 

Remark 2.2. Lemmas 12.51 and 12.61 hold when we replace dVto by 
any open subset T C cIDo- Thus we have the following theorem: 

Theorem 2.7. Let u{x),u'{x) and A, A' he the same as in Lemma l275[ 
If the set of the gauge invariant boundary data on T for u{x) and u'{x) 
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is the same, then the magnetic potentials A[x) and A'[x) are gauge 
eguivalent and 

V{x) = V\x). 

The converse statement is obvions: if (A(x), V{x) are gange eqniva- 
lent to {A\x), V'{x)) then the set of bonndary data fl2.15|) on T is the 
same for u{x) and u\x) becanse the bonndary data (12.151) are gange 
invariant. 

Theorem 12.71 has the corollary that gives another proof of the mag¬ 
netic AB effect: 

Corollary 2.1. Suppose curl A = 0, curl A' = 0 and V{x) = V'{x). 
If A{x) and A\x) are not gauge eguivalent then the sets of boundary 
data ^2.15[} are different for u{x) and u\x). This implies that A{x) 
and A\x) have a different physical impact, i.e. the AB effect holds. 

2.4. Inverse scattering problems. 

We consider the Schrodnger equation (12.ip in M” \ ljj=i assuming 
that 

In problems related to AB effect the magnetic held B = curl A is 
shielded inside the obstacles flj, I < j < r, and therefore has a compact 
support in M"". The electric potential V{x) plays no role in magnetic 
AB effect and could be taken even equal to zero. We assume that V (x) 
also has a compact support. The magnetic potential A{x) may have or 
may have not a compact support if B{x) has a compact support. 

Lemma 2.8. Let B{x) has a compact support, suppB{x) C Br. If 
n > 3 or if n = 2 and 

(2.18) / / B{x)dxidx2 = 0 , 

\x\<R 

then there exists a magnetic potential A{x) with compact support such 
that curl A = B in M” and suppA{x) C Br. 

Proof: Consider hrst the case n = 2 and JJ^^^^j^B{x)dxidx 2 = 0. 
Let i?(0 = B{x)e~^^'^dx be the Fourier transform of B{x). Since 

supp i?(x) C Br, B{^i, ^ 2 ) is an entire function of (^ 1 , ^ 2 ) G C x C and 
1^(01 < where Since i?(x)cixi(ix 2 = 

0 we have B{0, 0) = 0. Applying the mean value theorem we have 

(2.19) 5(6,6) = ei5i (0 + 652(0, 
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where 


( 2 . 20 ) 


4(^1, 6 ) = 


OB 


j = l,2. 


Obviously, are also entire functions of (^ 1 ,^ 2 ) and 

(2.21) \B^{0\<Ce^^^^\, j = l,2. 

By the Paley-Wiener theorem the inverse Fourier transform Bj{x) = 
F~^Bj{-) is also contained in Br. We have = B{x). Making 

the Fourier transform and using (12.191) we can take Ai(0 = 

^ 2(0 = Therefore suppA^- C Br and |^ - |^ = B{x). 

Now consider the case n > 3. The equation curl A = B has the 
following form after performing the Fourier transform 

(2.22) 6^3(0 - 6^2(0 = -^B^, -^1^3(0 + 6^i(0 = -^B2, 

( 2 . 23 ) 6 ^( 0 -6^1 (0 =-^^ 3 - 

Note that divi? = 0 , i.e. ,^i.Bi(^)+^2.82(0+^3-^3 (0 = 0 . In particular, 
we have .83(0,0,^3) = 0 . Therefore, as in fl 2 . 19 l) . we have Bsi^) = 
6^31(0 + 6^32(0 = 0 and we choose ii (0 = *.832(0, ^2(0 = 
—-ii?3i(0. Substituting in fl2.22p we get 

( 2 . 24 ) 0^3(0 = —*.Bi — 


(2.25) 


0 ^ 3(0 — +*.82 + * 0 . 832 , 


Note that 0[-*.8i - iO. 831 ) = ^(*.82 + * 0 . 832 ) since O .831 + 0^2 + 
0(0.83 + 0.832) = 0 . 

Therefore 

/2 25 ') A = ~ ^0.831 _ ^.82(0 + ^0.832 

' “ ^ & “ 6 

It follows from fl2.24p . fl2.25p that ^ 3(0 is analytic when 0 7^ 0 
0 7 ^ 0. Therefore by the theorem of removable singularity for analytic 
functions of several variables ^ 3(0 is an entire analytic function. Since 
estimates of the form fl2.19l) hold, A^^x) = F~^A 3 {^) has the support 
in Br. 

Therefore we proved the existence of the magnetic potential with 
compact support such that curl A = B. 

Remark 2.3. A more careful analysis allows to conclude that if 
suppR C hlo, where flo is a convex domain, then suppA C flo- 
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Lemma 2.9. Let n = 2, suppB{x) C where fio is convex, (0,0) G 
fioj // B{x)dxidx 2 = ao ^ 0 Then there exists a magnetic potential 

eio 

A{x) in such that curl A = B and A[x) = Aq[x) in \ f2o, where 


(2.27) 


Ao{x) 


ftp {-X2,Xi) 

27r IxP 


The potential jS-STj) is called the AB potential (cf. [1]). 


Proof: Note that curlAp = aoS{x) in R^. Let A\x) be a magnetic 
potential such that curl A' = B{x) — ao5(x) in R^. Since ff^^(B(x) — 
aod(x))dx = 0, by Lemma [22] we can choose A'(x) such that supp A' C 
flp. Consider A{x) = Aq{x)-\-A'{x). Then curM = B in R^, A = Aq{x) 
for X e R^ \ LIq. □ 

Consider now the inverse scattering problem for the case when A{x) 
and V{x) have compact supports that are contained in {|x| < R — e:}. 
We assume also that all ilj C {|x| < i? — e}, 1 < j < r. 

A solution w{x, ku) of the form 


w{x, kui) = e 


iku)-x 


+ 


a{6, oj, 


+ 0 


X 


X 


n+1 

2 


is called a distorted plane wave. Here |a;| = 1, 6 = a{9,u,k) is 

called the scattering amplitude. The existence of distorted plane wave 
is well-known (see, for example, [30] or [20]). For the case of magnetic 
potentials in domains with obstacles see [12], [41]. 

We consider the inverse scattering problem of determining of the 
gauge equivalence class of A(x) and of V{x) knowing the scattering 
amplitude a{6,uj, k) for hxed k and all 6 G u G 

Consider simultaneously the inverse boundary value problem in the 
domain B^ \ where Br = {|x| < i?}. We assume that the 

Dirichlet problem in Br \ ljj=i ^ unique solution. Then DN 

operator is well dehned. 


Theorem 2.10. Consider two equations {H—k‘^)u = 0, {H'—k‘^)u' = 0 
in R"\ljj=i ®(^) corresponding scattering 

amplitudes and let A(/c) and A'{k) be the corresponding DN operators 
on OBr = {|x| = i?}. If a{6, u, k) = a'{6, u, k) for fixed k and for all 
{9,u) G S"‘~^ X 5'”'“^ then A(/c) = A'(fc) for the same k. Vice versa, if 
A{k) = A'{k), then a{9, u, k) = a'{9, u, k) for all {9, u) G x 5'“^. 


Proof: Assume a{9,oj,k) = a'{9,oj,k). Let w{x,ku) and w'{x,ku) 
be corresponding distorted plane waves. Since a = a' we have w{x, kuj) — 
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w'{x,ku) = 0( —s+r), 1^:1 > R- By the Rellich’s lemma (see, for 

|x|T 

ample, Lemma 35.2 in [20]) we get 

w{x, ku) — w\x, ku) = 0 for \x\ > R. 


ex- 


Differentiating in x we have 

— (w;(a:, ku) - u'{x, ku))\g^^ = 0 , 

where ^ is the unit normal to dBji. Therefore we got that A{k)w = 
A'{k)w' on dBfi for any distorted plane wave. It is known (see, for 
example, [ 20 ]) that the restrictions of the distorted plane waves on 
dBji are dense in L 2 {dB^. Therefore taking the closure we get that 
A{k)f = A'{k)f for all / G L^idBn) (cf. [20]). 

The converse statement is also true: 

If A{k) = A'{k) on dBji then a{6,uj,k) = a'{6,uj,k) for all {0,u}) G 
5"“^ X S'"'“h We shall omit the proof (cf. [20], [33]). Therefore 
combining the Theorem 12.101 with the Theorem 12.11 for T = dB^ we 
get that if a{9,u,k) = a'{9,u,k) for all {9,u) G x then 
A{x) and A\x) are gauge equivalent with the gauge g{x) = 1 for 
\x\ > R, V{x) = V'{x), r = r', Q'j = Qj for 1 < j < r. Note 
that in the case when supp A{x) C B^ the gauge group in \ lj^=i fij 
consists of | 5 '(x)| = 1, g{x) = 1 for |x| > R. □ 

Now consider the inverse scattering problem in the case n = 2 and 
magnetic flux a 0. We consider magnetic potentials of the form 
(cf. [24]) A{x) = Aq{x) + Ai{x), where ^ 0 ( 2 ^) has the form 02.271) and 
Ai{x) = Q( |j,|i+e ))g > 0. Note that curl A = i? = 0 for |a;| > R. 

We can choose inside the gauge equivalence class the magnetic po¬ 
tential equal to Aq{x) = 1^1 ^ ^ Since Aq{x) = 0(]^) the 

scattering amplitude is a distribution and it has the form (cf.[l], [43], 
[44], [45]) 

(2.28) a{9, u, k) = ao(9 — u) + ai(9, cj, k), 

where 


(2.29) 

ao(0) = cos-(5(0) + ^^ 

2 TT 



p.v. 


1 — e 


id ■ 


ai{9,uj,k)\ < C\9 — uj\ 

0 < £ < 1 . 


Here [a] is the smallest integer larger or equal to a. 
The following analog of Theorem 12.101 holds (cf [24]): 
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Theorem 2.11. Let {H — k‘^)u = 0, {H' — k')u' = 0 be two Schrodinger 
operators in \ Llj. Suppose Aq = ^ for 

|a;| > R. If a{9, u, k) = a'{6^ u, k) and if oq = Q^o then A{x) and A\x) 
are gauge equivalent. 

Note that in Theorem 12 .11 1 we require not only that a = a' but also 
that the magnetic fluxes Oq and Oq are equal. 

It was shown in [24] that if there is only one convex obstacle, fli = 
then a = a' and Oq 7 ^ 27in, Vn G Z, implies that Oq = Oq- 

A similar result holds for the inverse boundary value problem: If 
A{k) = A'{k) on dBji then A{x) and A'{x) are gauge equivalent in 
br \ u;=i fij and oo = Oq. Indeed, by Theorem 12.11 A[x) and A\x) 
are gauge equivalent with the gauge g{x) such that g{x) = 1 on dB^. 
Thus ■ dx = 0 and therefore cto = IdBjt ‘ ^2; is equal 

to «o = /T IdBj, ^'(^) • 

Note that when oq 7 ^ 0 the gauge group has the form 

|jW| = 1, xeRp ySJ,, 9(x) = e‘»»W(l+o(T)), 

j=l 


where p G Z. 

When we make a gauge transformation, the scattering amplitude 
changes 

(2.30) a'{9, uj, k) = e-^P^a{9, u, k)e-^P^^^^f 

Consider the gauge equivalence class of scattering amplitude for the 
operator H — k'^. It was shown in [24] that when fli is a single convex 
obstacle and a 7 ^ 27m, Vn G Z, then there is one-to-one correspondence 
between gauge equivalence classes of magnetic potentials and gauge 
equivalence classes of scattering amplitudes. 

2.5. Aharonov-Bohm effect and the spectrum of the Schrodiger 
operator. 

In this subsection we shall show that cos a, where a is a magnetic flux, 
is determined by the spectrum. Therefore if cosoi 7 ^ cos 02 for two 
Schrodinger operators then their spectra are different. 

Let f2 be a convex obstacle in containing the origin. Let B^ = 
{|x| < i?}, where R is large. Consider the Schrodinger equation {H — 
X)u = 0 in the annulus domain Br \ 12 with zero Dirichlet boundary 
conditions = 0, ^1^^^ = 0. Let Ai < A 2 < A 3 < ... be the Dirichlet 
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spectrum and let E{x,y,t) be the hyperbolic Green function , i.e. 


+ H'^E{x,y,t) = 0 for f > 0 , 


E{x,y,t) 


^r2x(0,H-oo) 


= 0, E{x,y,t) 


9-Bi{X(0,+oo) 


= 0 , 


n^ ^ dE{x,y,0) 

E{x,y,0) = 6{x-y), - — -= 0. 

The following wave trace formula holds (cf. [ 8 ]) 

OO p 

(2.31) Tr(f)^ cos \/Ajf = / E{x,x,t)dx. 

i=i ^ 


Bii\U 


It was proven in [ 8 ], [27] that the singularities of the wave trace occur at 
the time t = T, where T is equal to the length of periodic null-geodesics. 
In our geometry the periodic null-geodesics are equilateral iV-gones 
inscribed in the circle |a;| = R, in particular, equilateral triangles with 
the side R\/3. It was proven in [25] that at t = 3i?\/3 the singularity 
of Tr(f) has the form 

(2.32) - 2-h^R^ cosa{t - SRVs)^^ + 0{{t - SRVs)-^). 

Here a = f^A(x) ■ dx is the magnetic flux, 7 is any simple closed 
contour between (912 and OBr {a is independent of 7 since we assume 

that curM = 0 in Hr \ G), {t - 3H\/3)7 is a homogeneous of order 
— I distribution equal to zero when t — 3i?\/3 < 0. Similar formula 
holds (cf [25]) when the triangle is replaced by iV-gone. Therefore the 
spectrum depends on the magnetic flux. 

Aharonov-Bohm effect holds when the underlying manifold is not 
simply-connected even when there are no obstacles. 

Consider the Schrodinger operator on the torus (cf. [25]). Let L = 
{miCi -|- m 2 e 2 , mi, m 2 G Z} be a lattice in and let L* be the dual 
lattice consisting of (5 G such that 5-d Eh for all d E L. Consider 
the Schrodinger operator 

(2.33) — +V{x) on the torus = R^/L. 

The potentials A{x) and V{x) are periodic, i.e. A{x+d) = A{x), V{x+ 
d) = V(x) for all x E R^ and d E L and therefore there are defined on 
= M?/L. We assume that the magnetic held B = = 0. 
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Let 7 i ,72 be the basis of the homology group of T^. Denote 


(2.34) ttj = j A{x) ■ dx, j = 1,2. 

The gauge group G(T^) consists of g{x) G C°°(T^). such that \g{x) \ = 
1. Any such g{x) has the form g{x) = where (p{x) E C°°(T^) 

and 5 E L*. 

Two magnetic potentials A{x) and A\x) are gauge equivalent if A' = 

A + ■ 

Theorem 2.12. Let H and H' he two Sehrodinger operators on 
with electromagnetie potentials {A{x),V{x)) and {A\x),V'{x)). Sup¬ 
pose curl A = curl A' = 0. Suppose that the spectrum of H and H' are 
the same. Then 

(2.35) cosoj = cos o', j = 1,2, 

where aj = J A{x) ■ dx, a' = J A'(x) ■ dx, j = 1,2. 

Ij 

This demonstrates the AB effect on torus since the magnetic fluxes 
make a physical impact. 

2.6. Direct proof of magnetic AB effect. 

Consider the nonstationary Sehrodinger equation 

f) 1 ^ X f) \ ^ 

- ‘''i +^S 

j=i \ J 

in (ML \ D') X (0, T) where n >2, Ll' = \Sj=i 

(2.37) u{x,t)) = uq{x), 

(2.38) u = 0, 1 < j < r. 

dQ,j X (0,T) 

At hrst we shall study the case of one obstacles in R^. Suppose Di is 
a toroid and curl A = 0 in R"^ \ Di. It was shown in §2.4 that we can 
choose A{x) having a compact support. Let x^^l ^ Di and 9 E S'^ he a 
unit vector. Suppose 6*j_i, 9 ±2 are two unit vectors such that 9, 9±i, 9 ±2 
is an orthonormal basis in R^. Let Xo('S) G C'^(®^)) Xo('S) = 1 for 

kl < i) Xo('S) = 0 for |s| > 1, Xo(’S) = Xo(— -s). It was proven in [21] 
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that there exists a solution of fl2.36l) of the form 


(2.39) 


( {x - ' 0^1 \ ( {x - X^^^) ' 0^2 


u{x,t,6) = e h 


Si 


Xo 




■exp^i^ f 9 ■ A{x — s'9)ds''^ + 0{e), 


where t G (0,T), T = O(^), k is large , 5i is small, e > 0 can be 
chosen arbitrary small if k is large enough. 

The support of u{x, t, 9) modulo 0{e) is contained in a small neigh¬ 
borhood of the line x = - 1 - s9. 


xio) 



Fig. 1. Two rays x = a:® + s9, x = x^^'> - 1 - s'uj, 0 < s < -|-cxo, 
0 < s' < -foo, intersect at point x^^\ Only the ray x = x^^^ + s9 is 
passing through the hole of the toroid Oi. 


We take two solutions u{x,t,9) and v{x,t,^^) of the form (12.391) corre¬ 
sponding to the directions 9 and u, respectively (cf. Fig.l). Let Uq be 
a ball of radius eo centered at x^^'^ . We have for x G Uq 


(2.40) \u{x,t,9)-v{x,t,oj)\^ = + 

where 


(2.41) 


0 


s9)ds, I 2 


00 


e 

he 


oj ■ A{x 


0 


su)ds. 


Since A{x) has a compact support and curl A = 0 we have that Ji —I 2 = 
a, where a = -^ ' Sx is the magnetic flux, 7 is a closed curve 
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passing through the hole and not shrinking to a point. Therefore 

1 TTtk 

(2.42) | m ( x , t, 6) — v{x, = 4sin^ ■ {6 — u) + a) + 0{e). 


Choose kn large and such that ■ {0 — u) = 27in, n G Z. For 

X & Uq we have 

(2.43) |!!^(a;-a;W)-(0-a;)| <2 ^£o. 

' h ' h 

Therefore, choosing Eq small enough we get 

(y. 

(2.44) \u{x,t,9) — v{x,t,oj)\‘^ = 4sin^ — + 0{e). 


This proves AB effect since the probability density \u{x, t, 9)—v{x, t, uj)\^ 
changes with the magnetic flux a. Note that here we cannot distinguish 
between +a and —a modulo 27in. 

Now consider the case of several obstacles flj, 1 < j < r for n = 2. 
Let aj = A(x) ■ dx, I < j < r, where ■jj is a simple contour 

encircling Qj only. Let ^ Q = Denote by 7 *^°^ = 70 U 

72 U... U 7 rf the broken ray starting at and reflecting at D' at points 
x^‘^\ Let Up, 1 < p < d, he the directions of 7 ^. Note that 
Up+i = Up - 2 (z/(x(D) • Up)u{x^P^) where z/(x(D) is the outward unit 
normal to hi'. The last leg 7 ^ of this broken ray does not intersect hi' 
and can be extended to inhnity. Let be some point on 7 ^. It was 
proven in [21] that there exists a solution u{x,t) of fl2.36p satisfying 
boundary conditions fl2.38p and such that suppM(x,f) is contained in a 
small neighborhood of the broken ray 7 ^°^ and u{x, t) has the following 
form in a small neighborhood of the point : 

(2.45) 


u{x, t) = co(x, t') exp i 


mk‘^t 

2h 


mk 

~h 


ilJd{x)+— 

nc 


A{x)-dx'^+o(^ 





where 


^, 2 ^^ g^d(x(°^) 

dx ' ’ dx 




Co{x,t') 7 ^ 0, 



In fl2.45p we denoted by 7 (x(T)) the broken ray starting near at 
t = 0 and ending at x{t') near x^^\ In particular, 7 (x(f*'°^) = 7 (x^°^) = 
7 ^°^, i.e. x(t^^'>) = x^^) is the endpoint of 7 ^°^ We assume that Ui is the 
direction of the first leg of all broken rays starting near x*^^^ at f = 0 . 
We choose the endpoints of 7 ^°^ x*-^^ and x^^\ far from the obstacles. 
Thus, the straight ray (3 starting at x^^^ and ending at x*^°^ does not 
intersect the obstacles. If x = x{t) is the equation of (3, where t is the 
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time parameter, we assume that x{ti) = and x{t^^'^) = x^^\ Thus 
ti is equal to — |/9| where |/3| is the length of /? (cf Fig.2). We can 
construct a solution v{x,t) such that 


(2.46) 
v{x,t) =xo 


(x — x^^^) ■ d± 

5 ^ 


ci(x,t') 


■ exp 


mk^t imk ie 




A{x)■ dx + O 



where ^ f, {x,t') G 17o where Uo is a neighborhood of 

We choose the initial condition ci(a;, fi) such that Ci(a:,f') = Co(x,F) 
at 

As in (121^ we have (cf. [ 21 ]) 

(2.47) |n(x, f) — u(x, f)p 

= |co(x(°\f(°))|^(^4sin^ ^(^^(V’d(2:) - 0 • x)j + A - Is) + 0{e) 

= |co(x(°\f(°)p4sin^ ^(/i - h) + 0{e), 

where Ji and I 2 are integrals of A(x) over 7 (x^°^) and /9(x^°^), respec¬ 
tively. 

Note that Ii — I 2 = ol^ where a.^ is the sum of magnetic fluxes of all 
obstacles encircled by 7 *-°^ and {3. 



Fig. 2 . Broken ray 7*^°^ = 7o U 71 U 72 starts at x^) at f = 0, reflects 
at f 22 and fls and ends at x^°^ at t = The ray /5 starts at x^^^ at 
t = ti and ends at x^°^ at f = 
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Varying 7 ^°^ and jS at least r times we get enough linear relations to 
recover two gauge equivalence classes: {aj (mod 27rn), 1 < j < r} and 
{—aj (mod 27rn), 1 < j < r}. 


3. Electric AB effect 

In this section we shall study the electric AB effect. Consider the 
Schrodinger equation with electric potential V{x, t) and zero magnetic 
potential in (M” x [0,T]) \ Q where hi is a domain in x [0,T] that 
we shall describe below. We have 

(3.1) ih — ^ ^ + -— Au{x,t) — eV{x,t)u{x,t) = 0 
with the initial and boundary conditions 

(3.2) m(x, 0) = Mo(t), a: G M” \ hlo, 


(3.3) 


u 


dntQ 


0, 0 <to <T, 


where Qto = 12 fl {t = to}- We assume that the normals to 12 in 
M” X (0, T) are not parallel to the t-axis when 0 < t < T. 

Consider the following domain: Suppose 12(r) in polar coordinates 
{r,6) has the following form (cf. Fig.3): 


12(r) = {(r, 9) s.t. Ri < r < R 2 , —tt + t < 9 < n — rj, 

where 0 < r < vr. Note that 12(0) is the annulus domain {i?i < |x| < 
A 2 }. Let flto = 12n{t = to} be equal to 12(£—to) when 0 < to < e, ^to = 
r2(0) for £ < to < T — Qto = 12(to — T + e) for T — £ < to < T. Thus 
It = Uo<i<r ^ time-dependent obstacle. 

Let D = (M" X (0,T)) \ = 22 fl {t = to}. The domains Dt^ 

are connected when 0 < to < e and T — e < to < T and they are not 
connected when e < R < T — e\ there are two connected components: 
|a;| > i ?2 and |a;| < for £ < to < T — e. 

We consider two Schrodinger equations in D of the form fl3.1l) . The 
hrst is when Vi{x,t) = 0 in 22 and the second is when 1 / 2 ( 0 ;,t) = 0 
outside Q = {{x,t) : Ri < |a;| < R 2 , e <t <T — e} and 1 / 2 ( 0 ;, t) = 1 / 2 ( 2 ) 
in Q. Note that E = = 0 in 22. We choose V 2 (^) such that 

(3.4) 

T-e 

j V 2 {t)dt = a ^ 27ip, Vp G Z, 1 / 2 ( 2 ) = 0 near t = e and t = T—e. 

€ 
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We assume that Ui{x,t) and U 2 {x,t) have the same initial and bound¬ 
ary conditions where Ui corresponds to = 0 and U 2 corresponds to 
1/2 (x,t). 

We shall prove that \ui{x,t)\ ^ \u 2 {x,t)\ ioi t > T — e when fl3.4l) 
holds, i.e. electric AB effect takes place. 

When 0 < t < £ we have that ui{x,t) = U 2 {x,t) since Vi = V 2 = 0 
for {x, t) E D, t < e. For e<t<T — ewe have that 

U2{x,t) = ^exp^ J V2{t')dt^ui{x,t) 

for {x,t) E Q, e < t <T — e. 

Let be such that Ri < < R 2 and Ui{x‘^‘^\T — e) ^ 0 and 

let > R 2 be such that ui{x^^\T — e) ^ 0. 

We can choose the initial condition uo{x) such that this holds. In¬ 
deed, let Ui{x) be any function such that Ui{x^^^) 7 ^ 0 and Ui{x^‘^^) 7 ^ 0 . 
Consider the backward initial boundary value problem for 0 < f < T — 
£, ih^ + ^Aui = 0 for {x,t) E D, ui{x,T - e) = ui{x), = 0. 

Then we take uo{x) = ui{x, 0) as the initial condition for the initial 
boundary value problem fl3.ip . fl3.2p . fl3.3p . 

We claim (cf. [21]) that |Mi(a:, 7 ^ \u 2 {x,t)\‘^ in a neighborhood Uq 

of {x^i\t — e) for t > T — e. Note that Ui{x,T — e) = U 2 {x,T — e) 
for |a;| > R 2 since Ui{x,e) = U 2 {x,e) for |a;| > R 2 and Ui,U 2 have 
zero boundary conditions on {(|a;| = R 2 ) x {e,T — e)}. In particular 
Ui{x,T — e) = U 2 {x,T — e) in f/g. Suppose that |■Ul(a;,^)| = \u 2 {x,t)\ in 
Uq ioT t > T — e. 

Use the polar representation in t/o fl {t > T — e:}: 

ui{x,t) = U 2 {x,t) = R 2 {x,t)R^‘^^^'^\ 

Note that Ri = R 2 = R. 

Substituting in fl3.ll) we get 

OR h?' 

(3.5) - ■ V«h, + i?A<F,), 

(3.6) /,^i? = _(Ai?-i?|V«h,n, j = l,2. 

Therefore $1 and <F 2 satisfy the same first order partial differential 
equation fl3.6p with the same initial condition in f/o fl {t = T — e}. 

'Ll (a:, T - e) = ^ 2 {x.T - e) 

since Mi(a;, T — e) = U 2 {x,T — e). Therefore, by the uniqueness of the 
Cauchy problem we have <hi(x, t) = $ 2 ( 2 ^, t) in Uq H {t > T — e}. Thus 
Mi(x, t) = U 2 {x, t) in Con{t > T — e}. Then by the unique continuation 
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property for the Schrodinger equation (cf. [32], Sect. 6) we get that 
Ui{x,t) = U 2 {x,t) for {x,t) E D, T — e < t < T. By the continuity in 
t we conclude that Ui{x,T — e) = U 2 {x,T — e), i?i < |x| < i? 2 - Since 
Ml ,T — e) 7 ^ 0 and U 2 {x^‘^'>,T — e) = Wi {x^‘^'>,T — e) exp ia we got 
a contradiction since expia ^ 1 when a satishes (13.4^ . This concludes 
the proof of electric AB effect. 



Fig. 3. The intersection Dt^ of the domain D with the plane t = to is 
the complement in of f2(r) = {Ri < |a;| < R 2 , —tt + t < 6 < tt — t}, 
where r depends on to- When r = 0 has two connected components. 


4. The Schrodinger equation with time-dependent 
MAGNETIC and ELECTRIC POTENTIALS 

The case of time-dependent electromagnetic potentials is much harder 
than the case when A and V are time-independent. Many powerful 
tools such as the BC-method are not applicable. Therefore the results 
on the inverse boundary value problems are much weaker. The study 
of the Aharonov-Bohm effect also becomes more complicated. 


4.1. Inverse boundary value problem. 

Let Qj{t) C R”',0 < t < T, be the obstacles, ^j{t) fl ^k{t) = 0, 1 < 
j, k < r, and let flo = ljfc=i where flo is a simply-connected 

domain in R'^. Let Q' = Uo<i<r Ug=i Consider in (flo x (0, T)) \ 

the Schrodinger equation with time-dependent magnetic and electric 
potentials 


(4.1) ih 


du{x, t) 
dt 


1 f) 2 

i=i ■' 

— eV(x, t)u(x, t) = 0, {x, t) G (flo X (0, T)) \ fl'. 
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We assume that 


(4.2) 


u 


dQ.j (t) 


0, t e (0,T), j = 


We also assume that the normals to hi' for 0 < t < T are not parallel 
to the t-axis. This condition assures the existence of the solution of 
the initial-boundary value problem for fl4.ip . 

The gauge group G((ffo x [0, T]) \r2') in this case consists of g{x, t) G 
C°°((r2o X [0,T]) \r2') such that \g{x,t) \ = 1. Thus the electromagnetic 
potentials {A{x, t), V{x, t)) and t), V'{x, t)) are gauge equivalent 

if there exists g{x,t) G G((f^o x [0,T]) \ hi') such that 


-A\x, t) = -A{x, t) + thg-\x, 
c c ox 


(4.3) 



Now we shall describe the class of obstacles considered in this sub¬ 
section. Since the potential depends on the time variable we cannot 
switch from the Schrodinger equation to the wave equation and use the 
Boundary Control method as in section 2.1. We shall use instead the 
inversion of the X-ray transform and this approach in the presence of 
obstacles imposes severe restrictions on the obstacles. 

In the case of n > 3 variables we assume that the following condition 
is satisfied 


(4.4) For each to ^ [0)^] obstacles 1 < j < r, 


r 


are convex, and for each point a:o ^ \ ^j(to) 

k=l 


there exists a two dimensional plane fla.^ C M.^,n > 3 
that intersect at most one of the obstacles flj(to). 


In the case of n = 2 we assume that 

(4.5) All obstacles f2j(to) are convex in for each 


to e [0,T], 1 < j < r. If r > 1, i.e. when 
there are more then one obstacle, we assume 
that there is no trapped broken (reflected) rays in 


r 


rio \ u ^lj{to), i.e. any broken ray starting on dilo 


i=i 

returns to dflo after a hnite number of reflections. 
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When the obstacles are smooth and r > 2 there are always trapped 
rays. To have the situation when there are no trapped rays we must 
require that obstacles Qj{tQ), 1 < j < r, have a finite number of corner 
points. 

We consider only the broken rays avoiding corners points, and we 
assume that the number of reflections is uniformly bounded for all 
broken rays. 

As in §2.3 we introduce gauge invariant boundary data on 
dQo X (0,T): 

(4.6) 

=/i, S{u) = = fs, 


where {x,t) G Shlo X 

The following theorem holds (cf. [12], [13], [18]). 


Theorem 4.1. Consider two Schrodinger equations {ih^ — H^u = 0 
and [ih^ — H')u' = 0 of the form ( (^. j[ ) in hlo x (0,T) \ 12' with zero 
Dirichlet boundary conditions on dfl' and zero initial conditions on r2o\ 
\Sj=i corresponding to electromagetic potentials (A(x, t), V{x, t)) 

and {A'{x,t),V'{x,t)), respectively. 

Suppose obstacles fl' satisfy condition ^-4^ when n > 3 and the 
condition \4-^ when n = 2. 

If the sets of gauge invariant boundary data of u and u' are equal on 
dQo X (0, T) then the electromagnetic potentials (A, V) and (A', V') are 
gauge equivalent. 


The proof of Theorem 14.11 was given in [18]. Since the case of time- 
dependent potentials is relatively new we shall indicate the main steps 
of the proof. 

Proof: It was shown in §2.3 that the equality of the gauge invariant 
boundary data is equivalent to the existence of go G G((12o x [0;^]) \ 
12') such that the corresponding DN operators A and A' are gauge 
equivalent on c212o x (0,T), i.e. A'v = gQQAgooV for any smooth v on 
c212o X (0,T). Here goo is the restriction of go{x,t) to c212o x (0,T). 

Making the gauge transformation w = go^u” we get the Schrodinger 
equation {ih-^ — TT") w = 0 with electromagnetic potentials {A".V") 
that are gauge equivalent to (A',1/'). Now we have that A = A" on 
c212o X (0, T) where A" is the DN operator corresponding {ih^—H''^w = 
0 . 

Consider first the more simple case of n > 3 assuming that fl4.4l) 
holds. 
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Let 7(to) be a ray in the domain f^o\U^=i starting and ending 

on dQo- We shall construct a solution u{x,t, k) of {ih-^ — H^u = 0 in 
(hlo X (0, T) \ n') depending on a large parameter k and satisfying the 
boundary conditions 


(4.7) 

initial conditions 

(4.8) 



0, 1 < i < r, 


U 


Oo\o'n{t=o} 


0 , 


and concentrated in a small neighborhood Uq C (ffo x (0,T)) \ hi' of 
the ray 7 (^ 0 )- 

We are looking for u{x, t, k) in the form 


(4.9) 

N 

u{x, t, k) = ^ 


p=0 

where 


(4.10) 

w = 1, 


apo{x,t,u) 1 


{iky 




( U C \ 

- ih-^ - -A{x)jaoo = 0 , 
ihd 6 \ / d \ 


We choose 


1 ft — to 

(4.11) aoo = — Xo - 

£2 \ e 


n—1 


riw 

i=i 




» n—1 

■ exp (y-^ / ^ ( “b 

so t —1 


where s = x-u, Tj = x-u±j, Xo is the same as in fl2.39l) . Xo('5)'y'5 = 

1 , So, roj are such that = sow + Yl^Zi '^oj^xj ^ ^ 0 , where uj ■ uj±j = 
0,1 < j < n — 1, {a;,is an orthogonal basis in M". Also 
the plane {x — x^^^ ■ u = 0 does not intersect flo (cf- [13], [18]). We 
assume also that 


(4.12) apo{s,T,t) = 0 when s = sq, p > 1- 

Note that the principal term fl4.10p of fl4.9p is the same as in the case of 
potentials independent of t. However, the lower other terms Opo, P > 1, 
will pick up the derivatives of A, V in t. 
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Solution of the form fl4.9p is different from the geometric optics type 
solutions in §2.6. The latter solutions describe the propagation in the 
time and fl4.9p propagates in the plane t = along the space direction 

S = X ■ OJ. 

We shall show below that solutions fl4.9p can be approximated by 
physically relevant solutions. 

Having solutions of the form fl4.9l) we can conclude the proof of Theo- 
rem l4.1l in two steps. First, substituting the solutions of — H)u = 
0 and (ih-^ — H"^w = 0 having both the form fl4.9p . in the Green’s 
formula, using that A = A" on ^ (0, T) and passing to the limit 
when e —)■ 0 we get 


(4.13) 



7 ho) 



7 ho) 


for all rays 7(^)5 ^0 ^ (0,T) is arbitrary, but hxed. Now, using the 
Helgason’s hole theorem (cf. [Hel]), we prove the uniqueness of the 
X-ray transform to get that there exists g{x,t) = G G((r2o x 

[0, T]) \ G'), = 1 on dflo x (0, T), such that 

-A"{x,to) = -A{x,to) 
c c ox 

Here to is a parameter. Making the gauge transformation in {ih^ — 
H'')w = 0 with the gauge g{x,t) we get the Schrodinger equation 
{ih-^ — H'"^wi = 0 with magnetic potential A{x,t) and the electric 
potential eV" = eV" — ihg~^^. Now apply again the Green’s formula 
to {ih-^ — H^u = 0 and {ih^ — H"'^w = 0 using the solution of the 
form (14. 9 p and that A = A'". Since H' and H'” have the same magnetic 
potentials, their contribution will cancel each other and we get that 

(4.14) j {eV{xA,)-eV"+ ihg-^^ys = 0 

7ho) 


for all rays 7 (^ 0 )- 

Therefore, the uniqueness theorem of the X-ray transform gives that 

eV (x, t) — eV"'{x^ t) -f ihg~^{x, t)-^ = 0. 

Thus (A, V) and (A'", V”) are gauge equivalent. Hence (A, V) and 
(A', V) are gauge equivalent too. 

Now consider a more difficult case n = 2 and fl4.5p is satisfied. As in 
§2.6 we will use the broken rays. 
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Let 7(to) = 7o(^o) U 7i(to) U ... U 7d(to) be a broken ray starting at 
some point E dQg reflecting at some obstacles Qj(tQ), 1 < j < r, 
and ending on (9f2o- We shall construct a solution of {i§i — H)u = 0 
concentrated in a small neighborhood of j(to). We are looking for 
u(x, t, k) in the form 


(4.15) 


u{x, t, k) = 


d N 

a. 


'pj 


{x, t.u) 


j=0 p=0 


{iky 


where 'ipo{x,tQ,u) = x ■ u, apo{x,t,u) are the same as in fl4.9p . u = 9i 
is the direction of 70 , 'yj{x,t,u) satisfy the equations 


(4.16) 




= 1 , il)j{x,t,oj) = yij+i{x,t,oj) 

dfl' 


dx 

dx 


dW 


= 0j+i, 0<j<d-l, 


where is the point of reflection of jj at dQ' fl {t = to} and 9j+i 

is the direction of 7 j+i. 

Functions apj satisfy the following equations: 


(4.17) 


dttpj dipj 


dx dx 




c dx 


‘P3 


= fpj{x,t,uj)+i^^apj, p>0, 

where foj = 0 , fpj depends on aoj, Up-ij. 

When obstacles are independent of t then 'ipj{x,t) are also indepen¬ 
dent of t. We impose also the following conditions on apj 


(4.18) 




This last condition implies that u\q^, = 0. Inserting (I4.15p into the 
Green’s formula instead of (14.91) we get, analogously to fl4.13p . fl4.14p . 
that 


(4.19) 


exp 


■ ie 
-he 



{A{x^y'^+sej,to) 


A'^Xq^^ + s6j, to))-0jds 


1 


and 





eV"'{x, 


+ sOjAo) + ihg ^ 



ds 


0 . 


37 























Proving the uniqueness of X-ray transform problem for broken rays is 
much harder. It was shown in [13], [15] that fl4.19p . fl4.2Up imply that 
the electromagnetic potentials (A, V) and (A', V) are gauge equivalent. 
This concludes the proof of Theorem 14.11 


4.2. Inverse boundary value problems for the Schrbdinger op¬ 
erator with time-dependent Yang-Mills potentials. 

Consider the Schrodinger equation of the form 
(4.21) 

-ihXh + ^ + V(x,t)u(x,t) = 0, 

i=i ^ 

where A = (di,..., Aj[xA),V{xA)A ^ j ^ n, are mxm self- 
adjoint matrices. It is convenient to consider u{x,t) also as m x m 
matrix. Im is m x m identity matrix. 

We consider fl4.21l) in Hq x (O;^) with initial conditions 

u{x, 0) = 0, X G flo, 


and the boundary conditions 


u 


90ox(0,T) 


= /• 


I X (0,T) 


be the DN operator. The gauge 


Let A/ = (/m|; - iA ■ i')u 

group consists of m x m unitary matrices, smooth in Hq x [0,T]. We 
assume that there is no obstacles in this subsection. 

Yang-Mills potentials (A, V) and (A', V) are gauge equivalent if 
there is G G{flo x [0,T]) such that 

-1 dg 


(4.22) 


^'j = 9 AjQ + ig~ 


dxi 


1 < j < n 


v; = g-%g 


■ dg 


^dt w 


Theorem 4.2. Consider two equations [ — i-^ + H^u = 0, 

H')u' = 0 of the form ^.21^ with Yang-Mills potentials (A, V), (A', V') 
respectively. Suppose that DN operators A and A', corresponding to 
{ — 'l§l + H)u = 0 and { — + H')u' = 0 are gauge equivalent 

on dflo X (0,T) with some gauge go{x), i.e. = A', where 

9oo = fi'olaQgx(oT)■ (^ 1 1^) 90 -uge equivalent too. 

The beginning of the proof of Theorem 14.21 is similar to the proof of 
Theorem 14.11 in the case n> 3. 


38 



















We construct a solution of fl4.2ip similar to fl4.9p 


(4.23) 



where 





to, Tjo, Tj are the same as in (14.lip . c{x,t,u)) satisfies the equation 
Oc 

(4.24) oj ■ — - iA{x, t) ■ ojc = 0 for s > Sq, c = Im when s = Sq, 

ox 

ttp satisfy equations similar to fl4.10p and ap{s,T,t) = 0 when s = 

So, p > 1. 

Applying gauge Po to ( — + H')u' = 0 we get an equation 

( — + H"^u" = 0, gauge equivalent to ( — ^^ + H'^u' = 0 and 

such that A" = A. 

Using the Green’s formula and passing the limit as £ —)■ 0 we get, 
similarly to Theorem 14.11 that 

(4.25) co{+oo,y',to,u) = CQ{+oo,y',to,uj), 

where z/i = x-uj, y' = x-{x-uj)uj, Co{yi y',to uj) and c'^{yi,y',to,i^) are 
matrices c{x,to,^) and c"{x,to,^) (cf- (14.241) 1 in {yi,y') coordinates, c 
corresponds to (—= 0, c" corresponds to (—= 0. 
Note that (l4.T5p is the analog of (14.131) when zn > 1. 

The matrix co{+oo,y',to,u) is called the non-Abelian Radon trans¬ 
form of A{x). The problem of the recovery of A{x) from the non- 
Abelian Radon transform is much more difficult then in the case of 
electromagnetic potentials, i.e. when m = 1. This was done in [11], 
[14], [40]. The recovery of U(a;, t) was also done in [11], [14]]. Note that 
the most difficult case is rz = 2. The extension to rz > 3 dimensions is 
relatively easy (cf. [18]). 

4.3. An inverse problem for the time-dependent Schrodinger 
equation in an unbounded domain. 

When the Schrodinger operator with time-independent coefficients is 
studied in M" outside the obstacles, it is natural to consider the scat¬ 
tering problem. When the coefficients are time-dependent we propose 
a new problem. 

Consider the Schrodinger equation of the form 


-ih— + Hu = d in (M” X (0,T)) \G', 


(4.26) 
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where 


1 d O' ^ 

Hu = — y ( — ih— - A(x,t)) u(x,t) + eV(x,t)u(x,t), 

2m V ox.; c / 

j=i j 

r 

U U ^j{t) are obstacles. We assume that the electromagnetic 

0<t<T j=l 

potentials are independent of t for |x| > i? where R is such that hi' C 
Br = {|x| < R}. We assume also that V{x) = 0( |^|l+e ), A{x) = 
0(|^). Here V{x) = V{x,t), A{x) = A{x,t) for |a;| > R,t e [0,T]. 
Assume that u{x, t) satisfies the initial condition on M"" \ ljj=i ^j(O): 

(4.27) n(a;, 0) = Mo(a^) = 0 on Br\ {Q'n {t = 0}). 

The gauge group G((M" x [0,T]) \ hi') is different in the cases n = 2 
and n > 3. 

We assume that \g{x,t)\ = 1 in (M" x [0,T]) \ Q' and g{x,t) = 
(p{x) = 0(|^) for n > 3. When n = 2 we assume g{x,t) = 
^ip9{x)^^ _l_ where p E 1 j and 9{x) is the polar angle. We also 

assume that the origin belongs to fl {t = 0}. 

Suppose we are given initial conditions for the equation fl4.26p for 
f = 0 and the condition 

(4.28) u{x,T) = ui{x), \x\ > R 
for t = T. 

We shall call fl4.27p . fl4.28p the two times data, t = 0 and t = T, 
for the equation fl4.26p . We shall prove that these data determines 
electromagnetic potentials for |a:| < i? up to a gauge equivalence. More 
precisely, the following theorem holds: 

Theorem 4.3. Consider two equations ( — ih-^ + H^u = 0 and 
( — ih-^ + H')u' = 0 of the form (K"" x (0)^)) \ 

electromagnetic potentials {A{x,t),V{x,t)) and {A'{x,t),V'{x,t)), re¬ 
spectively. Assume that (A, V) and (A', V') are independent of t for 
|a;| > R. 

Suppose (A(a;), V{x)) and (A'(a;), V'{x)) are gauge equivalent for |x| > 
R, i.e. there exists go{x), \go{x)\ = 1, such that for |x| > R we have 

(4.29) ^A'{x) = ^A{x) - ihglf^x)^, 

V'{x) = V{x). 
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Suppose that u{x,t) and u'{x,t) have gauge eguivalent two times data 

(4.30) ^(XjO) = gQ{x)u'{x,0), |a;| > R, 

u{x,T) = gQ{x)u'{x,T) for |a:| > R. 

Then the DN operators A and A' are gauge eguivalent on OBr x (0, T), 
i.e. 

A7 = gooAgoof 

for all smooth f on OBr x (0,T) and goo{x) is the restriction of go{x) 
to OBr X (0, T). 

Note that combining Theorem 14.31 with Theorem 14.11 we get that 
(A, i/) and {A',V') are gauge equivalent. 

To prove Theorem 14.31 we need two lemmas. 


Lemma 4.4. Let 

(4.31) + w{xR)AeV{x)w{xR) = t) 

j=i J 

in (ML \ Br) X (0,T), where Aj{x), 14(a:), 1 < j < are independent 
oft, 


(4.32) 


d^Aj{x) 

dx^ 


<c7i + |x|)-'-i^i 


d^V{x) 

dx^ 


^ CkiX A 71) 


l—£—\k\ 

•) 


e > 0, V/c. 


Suppose w{x,t) G (^([O, T], L 2 (M" \ S/j)), i.e. w{x,t) is continuous in 
t on [0,T] with values in L 2 (M^ \ Br). 

Suppose w{x, 0) = 0, w{x, T) = 0 for x G M"" \ Br. Then w{x, t) = 0 
in (R"- \ Br) X (0, T). 


Proof: Extend w{x,t) by zero for t < 0 and for t > T. Let w{x,fo) 
be the Fourier transform of w{x,t) in t. Then w{x,fQ) G T 2 (R’^ \ Br) 
for all ^0 and 

hfowix, ^o) + Hw{x, fo) = 0 in R” \ Br. 

It follows from the Hormander [31] that w(x,fo) = 0 in R”' \ Br if 
conditions (I4.32h hold. 

Therefore, w{x,t) = 0 in (R"' \ Br) x (0,T). 


Remark 4.1. In this paper we mostly consider the case when B = 
curl A = 0 for |x| > R and 14(x) = 0 for |x| > R. In such case there is 
a simpler way to prove Lemma [4.41 without using [31]. 
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If 77, > 3 and curl A = 0, 1/ = 0 for |a;| > R, we can make a gauge 
transformation g{x) such that w' = g~^w{x,t) satisfies the equation 

^ow'{x,io) -—/^w\x,io) = Q for \x\>R, 

2m 

where w'{x,^o) is the Fourier transform in t. Since w'{x,^o) ^ -h 2 (M” \ 
Bji) we have that w'(x,^o) = 0 by the classical Rellich’s lemma (see, 
for example, [20]). 

When n = 2 and the magnetic flux ^ J\x\=r ■ dx = a 0 
we can make the gauge transformation w' = g~^{x)w{x,t) such that 


A\x) = ^Aharonov-Bohm potential (cf. [1]). Then 


_ g {X2,-Xi) 

2tt x\+X2 

making the Fourier transform in t we shall have in polar coordinates 

d 


IA ooN v-U n ^ \ \d‘^w' Idw' 1 

(4.33) hw -+ 


2m L dr"^ r dr r 
where 9 G [0, 27r], r > R and 


89 


+ia 


w'(r,6',^o) = 0, 


\w'{r,9,^Q)\^rdrd9 < oo for any ^ 


|x|>ij 


The general solution of fl4.33p has the form (cf. [1]) 

OO 

w(a^,^o)= X] 

n=—oo 

where 


^o') Jn+aikr') T 6^(^q) n—a(^'^); k fi ^ ^o)‘ 


2m 


We have 
(4.34) 


n OO n 

j \w'{x,io)\^dx = ^ J 


Wn{r,^Q)\^rdr. 


|x|>i? 


r>k 


Using the asymptotics of the Bessel’s functions we get from (14.341) 
that I>Kl-(ueo^)l ‘^rdr < +CX 0 iff an{^o) = bn{^o) = 0, Vn. There¬ 
fore w{x,^q) = 0 for |x| > R. 


Remark 4.2. If the equation (14.311) holds in (M”\r2o) x (0, T), where 
Qq C Br, and if w{x,t) = 0 in (M"" \ Br) x (0,T), then w{x,t) = 0 in 
(M" \ flo) X (0,T) by the unique continuation principle (cf. [32]). □ 

Assume uo{x) G H 2 {W^ \ 12'(0)), uo{x) = 0 in hlo \ f2'(0), where 
r2'(0) = Q' (1 {t = 0}. There exists a unique solution u{x,t) of (14.261) 
with the initial data n(a;, 0) = Uo{x) belonging to the space 
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C((0, T), \ ^(^)) n Hi(W^ \ ^{t)) (cf., for example, [18]), where 

fi(fo) = n'n{t = to} and ^((0, T), H 2 {R^ \ n{t)) n Hi \ n{t)) is the 
space of continuous functions on [0,T] with values in \ ^(^)) hi 

Hi(W^ \ Hi(W^ \ fl(t)) consists of functions in Hi(W^ \ fl(t)) 

equal to zero on dfl(t). 

Initial-boundary value problem fl4.26p . fl4.27p . = 0, describes 

an electron conhned to the region M" \ Q{t), 0 <t <T. 

We shall denote, for the brevity, C'((0, T), i 72 (R"' \ hl(t)) fl Hi{W^ \ 
ff(f)), by hh((M" X (0, T)) \ Q') and we shall call solutions in W((M"' x 
(0,T)) \ f2') the physically meaningful solutions. 

Let w{x, t) be the solution of fl4.26p in (ffo x (0, T)) \ Q' belonging to 

C((0, T), H 2 {^o \ n Hi{Qo \ where w{x, 0) = 0 in ffo \ fl(0). 

For the brevity, we denote such solutions by hF((r2o x (0,T)) \ fl'). 

It is not clear what is the physical meaning of the solution of fl4.26l) 
dehned in (flo x (0, T)) \ f2') only and having nonzero boundary values 
on dflo X (0,T) unless they are the restrictions to (flo x (0,T)) \ 12' 
of the physically meaningful solution from IF((M"' x (0,T)) \ 12'). We 
shall denote the space of restrictions of u G IF((M" x (0,T)) \ 12') to 
((f2ox(0,T))\f2')by Wo. 

Fortunately, Wo is dense in IF((f2o x (0,T)) \ 12'). 

Lemma 4.5 (Density lemma). Letw{x,t) e W((f2oX (0, T))\f2'), 0) 

0 m f2o \ f2'(0). For any e there exists u{x,t) e IF((R"' x (0,T)) \ 
12'), -ufa;, 0) = 0 m f2o \ f2'(0) such that the restriction of u(x,t) to 
(Do X (0,T)) satisfies 


sup [w{x, t) — u{x, 2)]o < e, 

0<t<T 

where [v{x,t)]l = f \v{xfi)\^dx. 
r2o\^(^) 

Proof: Denote by V the Banach space of functions u{x,t) in (Do x 
(0,T)) \ D' with the norm ||M||y = J^[u]odt. Let V* be the dual space 
with the norm ||n||y» = supo<t<'r[n]o. Denote by Wq C D* the closure 
in V* norm of solutions from Wo, i.e. the restrictions to (Do x (0, T))\D' 
of functions from W((M"' x (0,T)) \ D'). 

Let Wq be the set of n G D such that {u,v)o = 0 for all u G Wo 
where {u, n)o is the inner product in L 2 ((Do x (0, T)) \D'). Let / be any 

element of Wq and fo be the extension of / by zero in (M"'\Do) x (0, T). 
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Denote by w{x,t) the solution of 

- + Hw = fo in (R- X (0, T)) \ D', 

w{x,T) = 0 in R"\D'(T), 


Note that w{x, t) G C((0, T), Hi(W^\Q(t))) since /o G -hi((0, T), L 2 (R"\ 
Q{t))). Let {u,w) be L 2 -inner product in (R" x (0,T)) \ Q'. By the 
Green’s formula in (R”' x (0,T)) \ Q' we have 


d 


0 = (m, /o) = (u, ( — + H^iv) = ih j u{x, 0)ic(a;, 0)dx, 


^\flo 


for any u G iy((R" x (0,T)) \ D'), since —ih^ + Hu = 0, u\g^, = 
0, m(x, 0) = 0 for Do \ D(0). Since ^(a;, 0) G H 2 {W^ \ D') is arbitrary 
on R”' \ Do we get that 


w{x, 0) = 0 on R” \ Dq. 

Since w{x,t) satishes —ih^ + Hw = 0 in (R" \ Dq) x (0,T) and 
0) = w{x,T) = 0 for a; G R” \ Do, we get, by Lemma WM that 
w{x,t) = 0 in (R"' \ Dq) x (0,T). Therefore the restrictions of w{x,t)) 
and of ■^w{x,t) to 9Do x (0,T) are equal to zero in the distribution 
sense (see [20], §24). Let v be any function from hL((Do x (0,T)) \D'). 
Note that suppw{x,t) C (Do x [0,T]) \ D'. 

Hence applying the Green’s formula over (Dq x (0,T)) \ D' we get 

f) f)li 

(n,/)o= {v,{-ih— + H)w)^= {{-th— + Hv),w)^ = 0 

for any / G Wq. Here ( )o is the L 2 -inner product in (Do x (0,T))\D' 
and we used that —ih^ + Hu = 0 and all boundary terms are equal 
to zero. 

Thus V G Wo, i.e. for any e > 0 there exists u{x,t) G Wq such that 
s^Po<t<T[v-u]o < e. □ 

Now we can hnish the proof of Theorem 14.31 

Let u'\x,t) = go{x)u\x,t) where go{x) is the same as in fl4.29p . 
Then u"{x,t) satisfies —ih^^ + H"u" = 0 in (R"' x (0,T)) \ D' and 
A"{x) = A{x), V"{x) = V{x) for a: G (R" \ Do) x (0,T) (cf. 1143^ 1 
and A" = ^f^^^A'^foo where goo is the restriction of go to c?Do x (0,T). 

Let w = u{x, t) — u"{x, t) = u{x, t) — go{x)u'{x, t). Then ( — ih^ + 
Hw) = 0 in (R"' \ Do) x (0, T) and w{x, 0) = w{x, T) = 0 on R” \ Dq. 
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Hence, by Lemma 031 w{x,t) = 0 in (M" \ fig) x Therefore, 


(4.35) u 



du 


du" 


anox(o,T) 


= u 


du dnox(o,T) 


for all u{x,t) and u"{x,t) belonging to 1T((M” x (0,T)) \ f2'). Using 
the density lemma 14.51 we can extend fl4.35l) to all m, u” belonging to 
fU((f]o X (0,T)) \ f]')- Therefore A = A" on x (0,T). 


4.4. Aharonov-Bohm effect for time-dependent electromagnetic 
potentials. 

When considering AB effect we assnme that B = curl A = 0, U = 
— — ^ = 0in (flo X (0, T)) \ U', where B, E are the magnetic and 

electric helds, is the union of all obstacles C flo) 0 < t < T. 
Since B = E = 0 we do not need to deal with the complicated X- 
ray problems and we can substantially relax the restrictions on the 
obstacles made in Theorem 14.11 

We shall consider the following class of domains in M” x (0,T) that 
we shall denote by Ddy. 

Let 0 = To < ... < Tr = T. Denote by Dip the intersection of 
D with the plane t = to- Then for to G (Tp_i,Tp), p = l,...,r, we 
have Dtg = Qq \ where Do is a simply-connected domain in 



Do, Qpj{to) are amooth domains (obstacles). Note that rrip may be 
different for p = l,2,...,r. We assume that Dp(to) depends smoothly 
on to G (Tp_iTp). We also assume that depends continuously on 
to G [0, T]. 

Note that some obstacles may merge or split when to crosses Tp, p = 


1,..., r — 1 (cf. Fig. 4). 
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Fig. 4 . An example of a domain of class Obstacles and 

f2(4) nierge, obstacles and 0*^^^ split. 


Note that for each to G [0, T] the domains = Db) n {t = to} are 
connected. Thus the class of domains is too restrictive to exhibit 
the electric AB effect. 

We shall introduce a more general class of domains that we call 
such that H {t = to} may be not connected on some hnite 

number of intervals in (0,T). 

An example of a domain of type is when we make holes in some 
obstacles of 

We shall prove first the electromagnetic AB effect in the case of 
obstacles of the class Consider the Schrodinger equation fl4.ip in 
where 

u{x^ 0) = 0, X G n {t = 0}, 

^laOp(to) ~ ^ P— 1, 

Let 

e r 1 

(4.36) ct = T / -A(x,t) ■ dx — V(x,t)dt, 

h J c 


7 
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where 7 is a closed curve in Since we assume that B = curia = 

0, E = ~ ^ integral fl4.36p . called the electromagnetic 

flux, depends only on the homotopy class of 7 in 

Let 7 i,.., 7 ; be the basis of the homology group of i.e. any 

closed curve in is homotopic to a linear combination of 71 , ..., 7 z, 
with integer coefficients. Then the fluxes 

e f 1 

aj = — / -A{x, t) ■ dx — V (x, t)dt^ j = 1, 

determine the gauge equivalent class of electromagnetic potentials 
(A(x, t), V{x, t)), i.e. (A(x, t), V{x, t)) and (A'(x, t), V'{x, t)) are gauge 
equivalent iff aj — a' = 27imj, rrij G Z, where a' = I \A\x, t) - dx — 
V'{x, t)dt. 

As is §4.1. we shall introduce localized geometric optics type solu¬ 
tions u{x,t) of the Schrodinger equation fl4.ip in Hd) depending on a 
large parameter k and satisfying the zero initial condition 

(4.37) n(x,0)=0, x & 

and zero boundary conditions on the boundaries of obstacles 

(4.38) M(x,f)|g^, = 0, 

where n' C R"'x(0,T) is the union of all obstacles hip (t), t G [Tp_i,Tp],p 
1, ...,r, and = ffo \ f^i(O), fli(O) = fl' fl {t = 0}. Such solutions 
were constructed in [18]. Suppose tg ^ iTp_i,Tp), 1 <p <r. Suppose 
7(x(^^fo) = 7o(^o) U ... U 7d-i(to) U 'yd{x^^\to) is a broken ray in Ao 
with legs joito), starting at point G dQo, 

reflecting at d^lp{to) and ending at x^^^ G 

As in [18] we can construct an asymptotic solution as fc —?• cxo of 
the form (14.151) . where supp UN{x,t,oj) is contained in a small neigh¬ 
borhood of X = 'y{x^^\to),t = to- Note that (cf. [18]) one can And 
u^^\x,t) such that = —Lu^ = O(p^) in = 0, 

and = 0, |aQgx(oT) ~ ^ ~ 0(p^)- 

Here L is the left hand side of (14. ip . Then 

U = Un + 

is the exact solution of Ln = 0 in '^\t-o = 0 ) ^ ^ “lao' ~ 
Let fg G (Tp,Tp+i) and let rup be the number of the obstacles in 

It was proven in [13], [18] that u{x,t) has the following form in 
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the neighborhood Uq of {x^^\to): 


(4.39) 

u{x, t) = c{x, t) exp 


mk'^t mk ie 



y4(x, t) ■ dx 


+ 0 



5 


Here 7 ^ 0 and 'y{x,t) is a broken ray in that starts at 

{y, t), {y, t) is close to (x®, to), and such that the hrst leg of 7 (x, t) has 
the same direction as 7 o(to). 

Note the difference between the asymptotic solution fl2.45p in §2.6 
and the asvmntotic solution (14.391). The broken rav 7 = Ufc=o7fc in 
fl2.45p is the projection to of the broken ray 7 = Ufc=i 7fc in ^ 
(0, +cxo) having the time variable t as a parameter. The solution fl4.39p 
corresponds to a broken ray lJfc=o 7 fc(^o) in the plane t = to with s = 
X • cjfc as a parameter on 'jkito). □ 

Let /9 be the ray x = + 50, s > 0, t = to, starting at to) and 

ending at (xi^i,to). Choose G hlo such that fd does not intersect 
n' n {t = to}. We assume that hlo is large enough that such x’^^i exists 
(see Fig.5): 



Fig. 5 . The broken ray 7 = 7o(to) U 71 (to) U 72 (to) and the ray / 9 (to) 
belong to n {t = to}. 


Let n(x, t) be a geometric optics type solution similar to (14.91) and 
corresponding to the ray (3. We have, as in (I4.39p : 

(4.40) 


n(x, t) = ci(x, t) exp 


mk'^t mk ie 




A{x,t)-dx]+0 
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We choose the initial value for ao{x, t, 6) (cf. fl4.39p ) near such 

that 

= c{x^^\to). 

Consider \u{x,t) — v{x,t)\^ in a neighborhood {{x,t) : \x — < 

^05 1^ ~ ^o| < ^o}- 

As in §2.6 we get for a small neighborhood of {x^^\to) 

(4.41) \u{x, t, u) — v{x,t,6)\‘^ = fo)P 4sin^ 0{e), 

where 

«(^o) = ^(/ A{x,to)-dx- 

hC V^(a;(l),to) 

Note that a{to) is the sum of the fluxes of those obstacles Qpj{tQ), 1 < 
j < that are encircled by 7 U /?. As in §2.6, varying 7 and [3 at 
least rrip times we can recover apjito) (modulo 27rn), 1 < j < rup, up 
to a sign, where 

(4.42) Cipj{to) = £: / A-dx, 1 < j < rup, 

^ (^ 0 ) 

and 'jpjito) is a simple contour in encircling Qpj{to), 1 < j < nip. 
Note that Opj are the same for any to ^ (Tp^Tpj^i). We can repeat the 
same arguments for any fg 7 7"i,..., Tp_i. 

Our class of time-dependent obstacles is such that is connected 
for any Iq G [0,T]. It follows from this assumption that a basis of the 
homology group of is contained in the set 7 pj(tp), 1 < j < nip, tp G 
(Tp-i, Tp), 1 < p < r, of “flat” closed curves that are contained in the 
planes t=const. 

Denote such basis by 7 ^^^(f*^^)), Then any closed contour 

7 in D is homotopic to a linear combination ^inj'y^A(fi3)'^ where 
nj G Z. Therefore the flux 



where ^ ^ 

Thus the fluxes 1 < j < /, mod 27rn, n eTj, determine the 

gauge equivalence class of {A{x,t),V{x,t)). Therefore computing the 
probability densities of appropriate solutions we are able to determine 
the gauge equivalence classes of electromagnetic potentials up to a sign. 

The solution u{x, t, oj)—v{x, t, 6) in fl4.4ip is a solution of the Schrodinger 
equation in with nonzero boundary conditions on BVLq x (0, T). The 
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probability density \u{x, t, u) —v{x, depends on the flnx Q!(to) bnt 
this does not prove yet that the magnetic flnx makes the physical im¬ 
pact since u{x,t,oj) — v{x,t,9) may be not a physically meaningful 
solution. However, by the density lemma 14.51 there exists a physically 
meaningful solution G Wq such that 



where ei is much smaller than e > 0 in fl4.4ip . Then 



where fi{Uo) is the volume of Uq, i.e. \ve{x,to)\‘^dx depends on 
a(to). Thus we proved AB effect since Vs{x, t) is a physically meaningful 
solution. 

Example 4.1. Consider the domain shown in Fig.4. Let 7p, 0 < 
p < 4, be simple closed curves encircling There is also a simple 

closed curve 75 that is not homotopic to any closed curve contained 
in the plane t = const. Note that 71 + 72 ~ 73 + 74 where ~ means 
homotopic. Also 75 7^ — 73. Therefore 70,71,72,73 is a basis of the 

homology group of Hd) 

Let ttj be the fluxes corresponding to 7^. Note that if 7^ is flat then 
ttj = A ■ dx is a magnetic flux. However 05 = | ■ dx — Vdt 

is an electromagnetic flux. Since 75 71 — 73 we have that = 

(q!i — 03 ) (mod 27m), n G Z. □ 

4.5. Combined electric and magnetic AB effect. 

In this subsection we consider domains of the class that will allow 
to study the combined electric and magnetic AB effect (cf. Markovitch 
et al [38] and [22]). 

Example 4.2. We shall start with the example of the domain D = 
(M"' X (0, T)) \ Qq of class that was considered in §3 (see Fig.3). In 
§3 we assumed that A{x) =0. Now we shall consider the Schrodinger 
equation of the form fl4.26p with A(a;, t), V{x, t) such that B = curl A = 



Denote by Q the cylinder Q = {i?i < |a:| < i?2, ^ t < T — e}. Note 
that DtQ = Dn{t = to} is connected for 0 < to < and T — e < to < T 
and has two connected components when e < to < T — e, one of them 
being Q = {i?i < |a:| < i?2}- 
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Since Q is simply-connected and curl A = 0 in Q, we can find 
G C°°{Q) such that A{x,t) = in Q. 

Making the gauge transformation with the gauge we can 

replace fl4.26p with a gauge equivalent equation such that A{x,t) = 0 
in Q and V{x,t) = V{x,t) + Thus = 0 in Q since E = 0, 

and we get that V{x,t) = %it) in Q. 

Therefore, without loss of generality we can, from the beginning, 
assume V{x,t) = Vo{t) in Q, A = 0 in Q. 

The basis of the homology group for D consists of 71 = {|x| = i?2 + l} 
and of a closed curve (5i in the (xi, t) plane that encircles the rectangle 
{i?i < xi < R2, e<t<T — e,X2 = 0}. 

Potentials (A, Id), (A', V') are gauge equivalent if 

«! — a'l = 27rni, rii G Z, 02 — a'g = 27rn2, n2 G Z, 
where ai = A[x) ■ dx, A'(x) ■ dx, 0^2 = A{x) ■ dx — 

Vdt, a'2 = A\x) ■ dx — V'dt. 

We shall prove that (A, V), (A', V) made a different physical impact 
if either a\ — 7^ 27rn, Vn G Z, and ai -|- a[ 7^ 27rn, Vn, or if 

«! — a'l = 27rni, and 02 — 7^ 27m, Vn G Z. This will prove the 
combined AB effect. 

It follows from the results of §4.4 that {A, V), (A', V') have a different 
physical impact if ai — a[ 7^ 27rn, Vn G Z, and ai + a[ 7^ 27rn, Vn G Z. 

Suppose ai — a'^ = 27rni, ni G Z 

Then for each to G [0,T] there exists g{x,to) such that 

-A{x, t) = -A\x, t) - 
c c ox 

Using the gauge g{x,t) we transform (ih-^ — H')u' = 0 to {ih-^ — 
H"^u" = 0, where A"{x,t) = A{x,t), i.e. H and H” have the same 
magnetic potentials in D\Q. Since E = = 0 and E” = 

_id£_ _ ^ = 0 we get that - ^ = 0. Hence U - U" = 0 in 
D\Q since U = U" = 0 for large |a:|. Thus A = A", V = V" outside 
of Q, A = A" = 0 in Q, V = Vo(t), V" = V^'(t) in Q. 

Note that 02 — = f *^(To(t) — VQ{t))dt since H = H" outside 

of Q. If I ^ Vo{t)dt — ^ ^ VQ(t)dt 7^ 27rn, Vn G R, we shall prove 

that Vo(t), V^it) have different physical impacts. 

We shall use the same arguments as in §3. The difference is that 
A 7^ 0, U 7^ 0 outside of Q for u and u”. We have u{x,T — e) = 
u''{x,T — e) for |a:| > R2 since u{x,t) and u"{x,t) satisfy the same 
equation, and the initial and boundary conditions for u and u" are the 
same when t < T — e,\x\ > i?2- Suppose \u{x,t)\ = |n'(a;,t)| = R 
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in Ufj, where Uq is the same as in §3. Using the polar representation 
u = Re^^,u" = separating the real part, we get 


ph / p^ \ 

h<l>t = —{AR - i?|V<hn + —A ■ V^R + (- -A^ + eVjR 

2m me \2mc^ / 


in Uq. The equation for <h" is the same since R" = R. The initial 
condition in Uq A {t = T — e} for $ and $" are also the same since 
u{x,T — e) = u"(x, T — e). Therefore $ = <h" in Uq. The continuation 
of the proof is the same as in §3. □ 

Consider now the equation fl4.26p in a general domain of the form 
B = E = 0 in Let = 1,2, be such that Qjt^ = 

Qj n {t = to} is a bounded connected component of A {t = 

to} for Ej < to < Tj, 0 < T} < T 2 < ... <T^<T, j = l,...,d. 

As in the previous example, we may assume that A = 0 in Qj, V = 
Vj(t) in Qj, I < j < d. 

The basis of the homology group consists of the basis 71 , ..., 7 ; 
of the connected domain \ ljj=i Qj curves Si, ...,6d similar to 
^1 in Example 4.2, passing through the holes Qi,..., Q^. 

Let aj = I ^A ■ dx — Vdt, /3fc = f ■ dx — Vdt be the elec¬ 

tromagnetic fluxes. 

We shall show that {A, V) and (A', V') have a different physical im¬ 
pact if 

a) either aj — a'j 7 ^ 27m, Vn G Z and aj + a'j 7 ^ 27m, Vn G Z, for 
some j, 1 < j < I, 

or 

b) aj — a'j = 27inj, j = 1,...,/ and /Sfc — 7 ^ 2,7ink, 'ink G Z, for 

some k, 1 < k < d. 

Here a'j, (5'^ are fluxes for (A', V). 

Assertion a) follows from the results of §4.4. 

If aj — a'j = 2Tmj, 1 < j < /, we can, as in Example 4.2, replace 
(A', V) by a gauge equivalent (A", V") such that A = A", V = V" in 

d®\ULiQj- 

If /3i—/3[ 7 ^ 27m, Vn G Z, then we obtain, as in the proof of Example 
4.2, that \u{x,t)\‘^ 7 ^ \u"{x,t)\'^ for t > T{ and thus we prove the AB 
effect. 

If Pi — jS'i = 27m, n E Zj, but P 2 — P 2 ^vm, Vn G Z, we get that 
u{x,t) = u"{x,t) for T[ < t < T 2 , but \u{x,t)\ 7 ^ \u"{x,t)\ for t > T^, 
etc. Thus AB effect holds if Pj — P'j 7 ^ 27m, Vn, for one of 1 < j < d. 
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5. Gravitational AB effect 


In this section we shall study the gravitational analog of the quantum 
mechanical AB effect. 


5.1. Global isometry. 

Consider a pseudo-Riemannian metric Yl'jk=o 9jk{x)dxjkdxk with Lorentz 
signature in hi, where a:o ^ ® is the time variable, x = {xi,...,Xn) G 
n, n = flo is simply connected, Qj C flo, 1 < J < iR, 

are obstacles (cf. subsection 3.3). We assume that gjk{x) are indepen¬ 
dent of xo, i.e. the metric is stationary. 

Consider a group of transformations (changes of variables) 

(5.1) x' = ip{x), 

Xq = xo + a(x), 

where x' = (p{x) is a diffeomorphism of hi onto hi' = V3(fl) and a(x) G 
G°°(n). Two metrics YJjk^Qgjk{x)dxjdxk and YJj^k=o9'jk{^')dx'jdx'k are 
called isometric if 

n n 

(5.2) ^ gjk{x)dxjdxk = ^ g'jk{x')dx'jdx'k, 

j,k=0 j,k=0 

where (xo,x') and (xo,x) are related by fl5.ip . 

The group of isomorphisms (isometries) will play the same role as 
the gauge group for the magnetic AB effect. 

Let 

Dgu{xo,x) = 0 in M X n 

be the wave equation corresponding to the metric g, i.e. 


(5.3) 


□jti 



j,k=0 


1 d 



0 , 


where go = det[gjk]lk=o, y’"{x)] = [gjk] 

Solutions of (15.3p are called gravitational waves on the background 
of the space-time with the metric g. 

Consider the initial boundary value problem for (15.3p in R x hi with 
zero initial conditions 


(5.4) m(xo,x) = 0 for Xo -C 0, X G fl, 

and the boundary condition 

(5-5) “Lxaoo = ^’ “Lxao, =0> ^ < J < 
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where / G C^(M x dQo)- Let be the Dirichlet-to-Neumann (DN) 
operator, i.e. A,f = where 


(5.6) 


du 

dVg 


j,k=0 


du 

dxk 


p,r=0 


1 

2 


Here u{xq,x) is the solution of 05.31) . 05■4p . 05.5p . v{x) = (z/i,..., z/„) is 
the outward unit normal to BVLq, Uq = 0. 

Let r be an open subset of dflo- We shall say that boundary mea¬ 
surements are taken on (0, T) x L if we know the restriction Ag/|j.g 
forany/GC'o°°((0,T)xr). 

Consider metric g' in ^2' and the corresponding initial-boundary value 
problem 

(5.7) Dgiu'{xQ,x') = 0 in M x hi', 

(5.8) u'{xq,x') = 0 for x^ 0, x' G ff', 

(5.9) ^ Ikx9q'. ^ 1 < j < ""i t 

where ff' = fig \ 1J”1^ Q'-. 

We assume that ^ 0. Let L be an open subset of 

The following theorem was proven in [19] (see [19], Theorem 2.3). 


Theorem 5.1. Suppose g^^{x) > 0, goo(x) > 0 in Q and {g')^^ > 
0, g'oQ > 0 m n'. Suppose = ^g'f\^QT)xr f ^ 

C“((0,T) X T). Suppose T > Tq, where Tq is sufficiently large. Then 
metrics g and g' are isometric, i.e. there exists a change of variables 
H5.1\) such that 05.^) holds. Moreover, (p|j^ = J, a|j, = 0. 

If two metrics g and g' in hi and hi', respectively, are isometric, then 
the solutions u{xq, x) and u{x'q, x') of the corresponding wave equations 
are the same after the change of variables fl5.1l) . Therefore isometric 
metrics have the same physical impact. 

Suppose two metric g and g' are isometric in some neighborhood 
V (ZVL,V 7 ^ 0. Let T C H ficAl. There exists a local isomorphism 

(5.10) x' = gDv{x), XQ=Xo + avix) 

that transforms g' to the metric ^ in H such that g = g inV . Extend 
the isometry fl5.10p from H to hi and denote by g the image of g' under 
this map. Thus g isometric to g' in hi and g = g mV. 


Theorem 5.2. The metrics g and g are not isometric if and only if 
the boundary measurements 


(5.11) 


A»/ 


7 ^ ^gf\ 


3J l(o,T)xr ' 9J l(o,r)xr 


for some / G C'o°°((0, T) x T), 
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Proof (cf. §2.1): Suppose and ^ are not isometric. If A^/ 


A^/ 


(o,T)xr 


(o,T)xr 


for all / G C^((0,T) x F) then by Theorem 15.II there exists 


a map of the form fl5.1l) that transforms g to g and such that 


(5.12) 




= 0 . 


Since g = g in V any such map satishes (I5.12p . Thus g and g are 
isometric, i.e. we got a contradiction. Therefore if g and g are not 
isometric then (15.lip holds. 

Vice versa, suppose g and g are isometric, i.e. (15.Ih holds. Then 
for all solutions u{xo,x) and u{xo,x) of equations fl5.3p . fl5.4p . fl5.5p 
and fl5.7p . fl5.8p . fl5.9p . respectively, we have u{xo,x) = u{xo,x), where 
{xo,x) and {xq,x) are related by fl5.ip . Note that fl5.12p also holds 
since g = g in V. Thus we have = ^gf\(o,T)xr 

/ G C“((0,T) X F). Therefore if (15.111) holds then g and g are not 
isometric. 

It follows from (15.lip that non-isometric metrics g and g (and there¬ 
fore g and g') have different physical impacts. 

Note that the open set F can be arbitrary small. However the time 
interval (0,T) must be large enough: T > To. 


5.2. Locally static stationary metrics. Let g and g' be isometric. 
Substituting dx^ = dxo + o,xj{x)dxj and taking into account that 
dxQ is arbitrary, we get from (15.ip and (15.2p that 

(5.13) a'mW) = gm{x), 


(5.14) 25 ( 00 ( 0 ;') ^ a„. {x)dxj + 2 ^ g'jQ{x')dx' = 2 ^ gjo{x)dxj. 

j=i j=i j=i 

Using (I5.13P we can rewrite (I5.14p in the form 


(5.15) 





n 


E 


— —gjo{x)dxj - 

goo{x) 


y^^a^.{x)dxj. 

i=i 


Let 7 be an arbitrary closed curve in H, and let 7 ' be the image of 7 
in under the map (15.ip . Integrating (I5.15P we get 







































since f V 

J'y ^ 


^=i(^xj{x)dxj = 0. Therefore the integral 


(5.17) 



is the same for all isometric metrics. 

A stationary metric g is called static in if it has the form 


□ 


n 


(5.18) 


gtir,(x)ldxof + E gjk{x)dxjdxk, 

j,k=l 


i.e. when g^j^x) = gjo{x) = 0 , 1 < j < n, x E Q. 

Suppose the stationary metric g{x) in is locally static, i.e. for 
any point in there is a neighborhood V such that the isometry Xq = 
Xq + av{x),x' = X transforms the metric g restricted to V to some 
static metric g[)o(x)(dx'Q)^ + Y.lk=i9jki^)dxjdxk, i.e. g'jo{x) = gjk{x) - 
avxj {x) = 0,1 < j <n,x e V. 

Suppose that metric g is not globally static in fl, i.e. there is no 
a(x) E C°°(Q) such that x'q = Xo + a(x), x' = x, transforms to a static 
metric g' globally in i.e. g and g' are not isometric. Then Theo¬ 
rem O implies that 7 ^ ^'?'/|rx(o,T) f ^ C'“(r), 

i.e. metric g and g' have a different physical impact. This proves the 
gravitational AB effect. 

Note that 4 E;=i^ ^gjo{x)dxj = 0 for any 7 C Id if ^ is locally 
isometric to a static metric in V. If g is not globally isometric to a 
static metric then integral fl5.17p may be not zero. It plays a role of 
the magnetic flux for the magnetic AB effect and a in (15.17p depends 
only on the homotopic class of 7 when g is locally static. 

This formulation of the gravitational AB effect was given by Stachel 
in [46] who proved it for some explicit class of locally static but globally 
not static metrics. 

5.3. A new inverse problem for the wave equation. Let g and g' 

be two stationary metrics in M"" \ such that 


(5.19) 


Sik(x) = 3'jt(x) for |x| > R, 


where R is large. Assume also that 


(5.20) 


gjk{.x) = r]jk + hjk{x) for \x\ > R, 
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where 



> R,s > 0, 


Tjjkdxjdxk = dx^ — (ia;| 

j,k=l j=l 

is the Minkowski metric and hjk{x) = 0{ | 3 .|i+e ), £ > 0, for |a:| > R. 
The following theorem is analogous to Theorem 14.31 

Theorem 5.3. Let OgU = 0 and Dgiu' = 0 in (0, T) x {ML \ IJjLi 
where T > Tq (cf. Theorem 15. il) . Suppose and \5.2(h) hold. 

Consider two initial-boundary value problems with the same initial con¬ 
ditions 


u{0,x) = Uo{x), u'{0,x) = Uo{x), 


Ut{0,x) = Ui{x), u[{0,x) = Ui{x), a: G M” \ hlj, 

i=i 


u\ 


{0,T)xdflj 


= 0, u' 


{0,T)xdflj 


0 , 1 < j < m, 


uo{x) = ui{x) = 0 inBR\[Jnj, 

i=i 

where Br = {x : |a:| < R}. Suppose goo{x) > 0, (y'oo(^) > 0; > 

0, (^')°° > 0 zn M" \ Ifuoix) G H,{M- \ U7=i^^,)), u,{x) G 

L2(M" \ U7=i ^j) and if 

u{T,x) = u'{T,x), u^^{T,x) = u'^^{T,x), xeM^\BR, 
for all uo{x) and ui{x), then metrics g and g' are isometric in M" \ 

Proof: It follows from the existence and uniqueness theorem that 
the solutions u{xq, x) and u'{xq, x) belong to hfi((0, T) x (IR”\lJj=i ^'))- 
Let V = u{xo.,x) — u'{xo,x). Then DgU = 0 in (0,T) x (M” \ Br) and 
n(0, x) = nxo(0, x) = 0, n(T, x) = Vxo{T, x) = 0 for x G M^\Br. Extend 
v{xo,x) by zero for xq > T and Xq < 0 and make the Fourier trans¬ 
form in Xq : v{fo,x) = IZ ^v{xo,x)e ““^“dxo. Then h(^o, x) belongs to 
L 2 (M"' \ Br) for all ^ ® and satisfies the equation 

L[i^o,-^)v{^o,x) = 0, xgM”\Sr, 

where L[if^o,i^) is the symbol of Og. 
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It follows from Hormander ([31]) that a;) = 0 in M" \ for all 
.^o- Therefore u{xo,x) = u'{xo,x) for xq G (0,T), x G M” \ Br. Then 



^\{0,T)xdBR 
du' I 

dvg l(0,T)x9Sfl 


measurements of u and u' on (0,T) x dB^ are the same. 

Analogously to the proof of Lemma HA] one can show that T)xdBR 

and 'W^l(or)xaBK dense in if_i((0,T) x dBji). Hence the DN oper¬ 
ators A and A' are equal on (0,T) x dB^. Thus Theorem 15.11 implies 
that g and g' are isometric. 
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